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HAAR-I SETS: LOOKING AT SMALL SETS IN POLISH GROUPS
THROUGH COMPACT GLASSES
TARAS BANAKH, SZYMON G LA¸B, ELIZA JAB LON´SKA, JAROS LAW SWACZYNA
Abstract. Generalizing Christensen’s notion of a Haar-null set and Darji’s notion of a Haar-meager set, we
introduce and study the notion of a Haar-I set in a Polish group. Here I is an ideal of subsets of some compact
metrizable space K. A Borel subset B ⊂ X of a Polish group X is called Haar-I if there exists a continuous
map f : K → X such that f−1(B + x) ∈ I for all x ∈ X. Moreover, B is generically Haar-I if the set of
witness functions {f ∈ C(K,X) : ∀x ∈ X f−1(B + x) ∈ I} is comeager in the function space C(K,X). We
study (generically) Haar-I sets in Polish groups for many concrete and abstract ideals I, and construct the
corresponding distinguishing examples. We prove some results on Borel hull of Haar-I sets, generalizing results
of Solecki, Elekes, Vidnya´nszky, Dolezˇal, Vlasaˇk on Borel hulls of Haar-null and Haar-meager sets. Also we
establish various Steinhaus properties of the families of (generically) Haar-I sets in Polish groups for various
ideals I.
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1. Introduction
The study of various σ-ideals in topological groups is a popular and important area of mathematics, situated
on the border of Real Analysis, Topological Algebra, General Topology and Descriptive Set Theory. Among the
most important σ-ideals let us mention the σ-ideal M of meager subsets in a Polish group and the σ-ideal N
of sets of Haar measure zero in a locally compact group. Both ideals are well-studied, have many applications,
and also have many similar properties.
For example, by the classical Steinhaus-Weil Theorem [45], [47, §11] for any measurable sets A,B of positive
Haar measure in a locally compact group X the sum A + B = {a+ b : a ∈ A, b ∈ B} has nonempty interior
in X and the difference A − A is a neighborhood of zero in X . A similar result for the ideal M is attributed
to Piccard [41] and Pettis [40]. They proved that for any non-meager Borel sets A,B in a Polish group X the
sum A+B has nonempty interior and the difference A−A is a neighborhood of zero in X .
In contrast to the ideal M, which is well-defined on each Polish group, the ideal N of sets of Haar measure
zero is defined only on locally compact groups (since its definition requires the Haar measure, which does
not exist in non-locally compact groups). In order to bypass this problem, Christensen [13] introduced the
important notion of a Haar-null set, which can be defined for any Polish group. Christensen defined a Borel
subset A of a Polish group X to be Haar-null if there exists a σ-additive Borel probability measure µ on X
such that µ(A+ x) = 0 for all x ∈ X . Christensen proved that Haar-null sets share many common properties
with sets of Haar measure zero in locally compact groups. In particular, the family HN of subsets of Borel
Haar-null sets in a Polish group X is an invariant σ-ideal on X . For any locally compact Polish group X the
ideal HN coincides with the ideal N of sets of Haar measure zero. Christensen also generalized the Steinhaus
difference theorem to Haar-null sets, proving that if a Borel subset B of a Polish group X is not Haar-null,
then the difference B −B is a neighborhood of zero in X .
Since probability measures on Polish spaces are supported by σ-compact sets, the witness measure µ in the
definition of a Haar-null set can be chosen to have compact support. This means that for defining Haar-null sets
it suffices to look at the Polish group through a “compact window” (coinciding with the support of the witness
measure). Exactly this “compact window” philosophy was used by Darji [14] who introduced the notion of a
Haar-meager set in a Polish group. Darji defined a Borel subset B of a Polish group X to be Haar-meager if
there exists a continuous map f : K → X defined on a compact metrizable space K such that for any x ∈ X
the preimage f−1(B + x) is meager in K. Haar-meager sets share many common properties with Haar-null
sets: the family HM of subsets of Borel Haar-meager sets in a Polish group X is an invariant σ-ideal on X ; if
the Polish group X is locally compact, then the ideal HM coincides with the ideal M of meager sets in X ; if
a Borel subset B ⊂ X is not Haar-meager, then B −B is a neighborhood of zero in X (see [30]).
In this paper we shall show that the ideals HN and HM are particular instances of the ideals of Haar-I sets
in Polish groups. Given a compact metrizable space K and an ideal I of subsets of K, we define a Borel subset
B of a Polish group X to be Haar-I if there exists a continuous map f : K → X such that f−1(B + x) ∈ I
for any x ∈ X . For a Polish group X by HI we denote the family of subsets of Borel Haar-I sets in X . For
the ideal I =M of meager sets in the Cantor cube K = {0, 1}ω the family HI coincides with the ideal HM
of Haar-meager sets in X and for the ideal I = N of sets on product measure null on K = {0, 1}ω the family
HI coincides with the ideal HN of Haar-null sets in X .
In Sections 4–12 we study Haar-I sets in Polish groups for many concrete and abstract ideals I. In particular,
we find properties of the ideal I, under which the family HI is an ideal or σ-ideal. We present many examples
distinguishing Haar-I sets for various ideals I. In Section 9 we characterize ideals I for which the family HI
has the Steinhaus property in the sense that for any Borel set B /∈ HI in a Polish group X the difference
B −B is a neighborhood of zero in X .
In Section 13 we prove some results on Borel hulls of Haar-I sets, which generalize the results of Elekes,
Vidnya´nszky [23], [24] of Borel hulls of Haar-null sets and Dolezˇal, Vlasaˇk [18] on Borel hulls of Haar-meager
sets. In Section 14 we evaluate the additivity and cofinality of the semi-ideals of Haar-I sets in non-locally
compact Polish groups, generalizing some results of Elekes and Poo´r [22].
In Sections 15, 16 we study generically Haar-I sets in Polish groups. We define a Borel subset A of a Polish
group X to be generically Haar-I if the set of witnessing functions {f ∈ C(K,X) : ∀x ∈ X f−1(A+ x) ∈ I}
is comeager in the space C(K,X) of continuous functions endowed with the compact-open topology. For the
ideal I = N of sets of measure zero in the Cantor cube K = {0, 1}ω our notion of a generically Haar-I set is
equivalent to that introduced and studied by Dodos [15]–[17]. Extending a result of Dodos, we show that for
any Polish group X the family GHI of subsets of Borel generically Haar-I sets in X has the weak Steinhaus
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property: for any Borel set B /∈ GHI the difference B − B is not meager and hence (B − B) − (B − B) is a
neighborhood of zero in X .
In Section 17 we detect various smallness properties for some simple subsets in countable products of finite
groups and in Sections 18–20 we study smallness properties of additive and mid-convex sets in Polish groups
and Polish vector spaces. In the final Section 21 we collect the obtained results and open problems on (weak
and strong) Steinhaus properties of various families of small sets in Polish groups.
2. Preliminaries
All groups considered in this paper are Abelian. A Polish group is a topological group whose underlying
topological space is Polish (i.e., homeomorphic to a separable complete metric space).
For a Polish group X by θ we shall denote the neutral element of X and by ρ : X ×X → R+ a complete
invariant metric generating the topology of X .
By ω we denote the set of finite ordinals and by N = ω \ {0} the set positive integer numbers. Each number
n ∈ ω is identified with the set {0, . . . , n− 1} of smaller numbers.
For every n ∈ N we denote by Cn a cyclic group of order n, endowed with the discrete topology. For two
subsets A,B of a group let A + B := {a + b : a ∈ A, b ∈ B} and A − B := {a − b : a ∈ A, b ∈ B} be the
algebraic sum and difference of the sets A,B, respectively.
For a metric space (X, ρ), a point x0 ∈ X and a positive real number ε let S(x0, ε) := {x ∈ X : ρ(x, z0) = ε}
and B(x0; ε) := {x ∈ X : ρ(x, x0) < ε} be the ε-sphere and open ε-ball centered at x0, respectively. Also let
B(A; ε) =
⋃
a∈AB(a; ε) be the ε-neighborhood of a set A ⊂ X in the metric space (X, ρ). For a nonempty
subset A ⊂ X by diamA := sup{ρ(a, b) : a, b ∈ A} we denote the diameter of A in the metric space (X, ρ).
By 2ω = {0, 1}ω we denote the Cantor cube, endowed with the Tychonoff product topology. The Cantor
cube carries the standard product measure denoted by λ. The measure λ coincides with the Haar measure on
2ω identified with the countable power Cω2 of the two-element cyclic group C2. We shall refer to the measure
λ as the Haar measure on 2ω.
A subset A of a topological space X
• is meager if A can be written as the countable union A =
⋃
n∈ω An of nowhere dense sets in X ;
• is comeager if the complement X \A is meager in X ;
• has the Baire property if there exists an open set U ⊂ X such that the symmetric difference A△U :=
(A \ U) ∪ (U \A) is meager in X .
It is well-known [31, 11.5] that each Borel subset of any topological space has the Baire property. By [31, 21.6],
each analytic subspace of a Polish space X has the Baire property in X . We recall that a topological space is
analytic if it is a continuous image of a Polish space.
A topological space X is Baire if for any sequence (Un)n∈ω of open dense subsets in X the intersection⋂
n∈ω Un is dense in X . It is well-known that a topological space X is Baire if and only if each nonempty open
set U ⊂ X is not meager in X .
An indexed family of sets (Ai)i∈I is disjoint if for any distinct indices i, j ∈ I the sets Ai and Aj are disjoint.
A family of sets A is disjoint if any distinct sets A,B ∈ A are disjoint. A subset of a topological space is clopen
if it is closed and open.
In Sections 15 and 16 we shall need the following known fact on the preservation of meager and comeager
sets by open maps.
Lemma 2.1. Let f : X → Y be an open continuous surjective map between Polish spaces.
1) A subset A ⊂ Y (with the Baire property) is meager in Y (if and) only if its preimage f−1(A) is meager
in X.
2) A subset B ⊂ Y is comeager in Y if and only if its preimage f−1(B) is comeager in X.
Proof. 1. If A is meager, then A =
⋃
n∈ω An for some nowhere dense sets An ⊂ Y . The openness of f
guarantees that for every n ∈ ω the closed set f−1(A¯n) has empty interior in X , so f−1(An) is nowhere dense
and f−1(A) =
⋃
n∈ω f
−1(An) is meager in X .
Now assume that the set A has the Baire property and is not meager in Y . The Baire property of A yields
an open set U ⊂ Y such that the symmetric difference U△A is meager. Since A is not meager, the open set
U is not empty. As we have already proved, the preimage f−1(U△A) = f−1(U)△f−1(A) of the meager set
U△A is meager. Since the open set f−1(U) is not empty, the set f−1(A) is not meager in X .
2. If a set B ⊂ Y is comeager in Y , then Y \B is meager, its preimage f−1(Y \B) = X \ f−1(B) is meager
in X and f−1(B) is comeager in X .
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If B has comeager preimage f−1(B) in the Polish space X , then f−1(B) contains a dense Gδ-set G whose
image f(G) ⊂ B is an analytic subspace of the Polish space Y . By [31, 21.16], the set f(G) has the Baire
property in Y . So there exists an open set U ⊂ Y such that U△f(G) is meager in Y . We claim that the set U
is dense in Y . In the opposite case, we can find a nonempty open set V ⊂ Y such that V ∩ U = ∅ and hence
V ∩ f(G) ⊂ f(G) \ U ⊂ U△f(G) is meager in Y . By the first item the preimage f−1(V ∩ f(G)) is meager
in f−1(V ), which is not possible as it contains the comeager subset G ∩ f−1(V ) of the nonempty Polish space
f−1(V ). So the set U is dense in Y and the sets f(G) ⊂ B are comeager in Y . 
For a topological spaceX by F(X) we denote the space of all closed subsets ofX . The space F(X) is endowed
with the Fell topology, which is generated by the subbase consisting of sets U+ := {F ∈ F(X) : F ∩ U 6= ∅}
and K− = {F ∈ F(X) : F ∩K = ∅} where U and K run over open and compact subsets of X , respectively.
The Borel σ-algebra on F(X) generated by the Fell topology of F(X) is called the Effros-Borel structure of
F(X); see [31, §12.C].
For a topological space X by K(X) we denote the space of all nonempty compact subsets of X , endowed
with the Vietoris topology. If the topology of X is generated by a (complete) metric ρ, then the Vietoris
topology of K(X) is generated by the (complete) metric
ρH(A,B) = max{max
a∈A
ρ(a,B),max
b∈B
ρ(A, b)},
called the Hausdorff metric on K(X).
For a compact Hausdorff space X the Vietoris topology on K(X) coincides with the subspace topology
inherited from the Fell topology of the space F(X).
For a topological space X by P (X) we denote the space of all probability σ-additive Borel measures on X ,
endowed with the topology, generated by the subbase consisting of sets {µ ∈ P (X) : µ(U) > a}, where U runs
over open sets in X and a ∈ [0, 1). It is known [31, 17.23] that for any Polish space X the space P (X) is Polish,
too.
A measure µ ∈ P (X) on a topological space X is called
• continuous if µ({x}) = 0 for all x ∈ X ;
• strictly positive if each nonempty open set U ⊂ X has measure µ(U) > 0;
• Radon if for every ε > 0 there exists a compact set K ⊂ X of measure µ(K) > 1− ε.
It is well-known [10, 7.14.22] that each measure µ ∈ P (X) on a Polish space X is Radon.
Each continuous map f : X → Y between topological spaces induces a continuous map Pf : P (X)→ P (Y )
assigning to each probability measure µ ∈ P (X) the measure ν ∈ P (Y ) defined by ν(B) = µ(f−1(B)) for any
Borel set B ⊂ Y . For a measure µ ∈ P (X) on a topological space (X, τ) the set
supp (µ) :=
{
x ∈ X : ∀U ∈ τ
(
x ∈ U ⇒ µ(U) > 0
)}
is called the support of µ.
For a compact metrizable spaceK and a topological space Y by C(K,Y ) we denote the space of all continuous
functions from K to Y endowed with the compact-open topology. It is well-known that for a Polish space Y
the function space C(K,Y ) is Polish. Moreover, for any complete metric ρ generating the topology of Y , the
compact-open topology on C(K,Y ) is generated by the sup-metric
ρˆ(f, g) := sup
x∈K
ρ(f(x), g(x)).
By E(K,Y ) we denote the subspace of C(K,Y ) consisting of injective continuous maps from K to Y .
A topological space X is called
• scattered if each nonempty subspace of X has an isolated point;
• crowded if it has no isolated points.
So, a topological space is not scattered if and only if it contains a nonempty crowded subspace.
The following lemma is well-known but we could not find a proper reference, so we provide a proof for the
convenience of the reader.
Lemma 2.2. For any (zero-dimensional) compact metrizable space K and any (crowded) Polish space Y the
set E(K,Y ) is a (dense) Gδ-set in the function space C(K,Y ).
Proof. Lemma 1.11.1 in [26] implies that E(K,Y ) is a Gδ-set in C(K,Y ). Next, assuming that the compact
space K is zero-dimensional and the Polish space Y is crowded, we show that the set E(K,Y ) is dense in
C(K,Y ). Fix a metric ρ generating the topology of the Polish space Y . Given any f ∈ C(K,Y ) and ε > 0, we
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should find a function g ∈ E(K,Y ) such that ρˆ(g, f) < ε. By the continuity of f , the zero-dimensional compact
space K admits a finite disjoint open cover U such that for every U ∈ U the set f(U) has diameter < ε3 in the
metric space (Y, ρ). In each U ∈ U choose a point xU . Since the space Y has no isolated points, we can choose
a family (yU )U∈U of pairwise distinct points in Y such that ρ(yU , f(xU )) <
ε
3 . Choose a δ > 0 such that δ <
ε
3
and δ ≤ 12 min{ρ(yU , yV ) : U, V ∈ U , U 6= V }. For every U ∈ U , we can apply Theorem 6.2 from [31] and find
an injective continuous map gU : U → B(yU ; δ). Observe that for every x ∈ U we have
ρ(gU (x), f(x)) ≤ ρ(gU (x), yU ) + ρ(yU , f(xU )) + ρ(f(xU ), f(x))
< δ +
ε
3
+ diam (f(U)) <
ε
3
+
ε
3
+
ε
3
= ε.
Since the family of balls
(
B(yU ; δ)
)
U∈U
is disjoint, the family (gU (U))U∈U is disjoint, too. Then the map
g : K → Y defined by g|U = gU for U ∈ U is injective and satisfies ρˆ(g, f) < ε. 
3. Steinhaus properties of ideals and semi-ideals
A nonempty family I of subsets of a set X is called
• directed if for any sets A,B ∈ I there exists a set C ∈ I such that A ∪B ⊂ C;
• σ-continuous if for any countable directed subfamily D ⊂ I the union
⋃
D ∈ I;
• a semi-ideal if I is closed under taking subsets;
• an ideal if I is a directed semi-ideal;
• a σ-ideal if I is a σ-continuous ideal.
It is clear that
σ-continuous ⇐ σ-ideal ⇒ ideal ⇒ semi-ideal.
A semi-ideal I on a set X is proper if X /∈ I.
Each nonempty family F of subsets of a set X generates the semi-ideal
↓F = {E ⊂ X : ∃F ∈ F E ⊂ F},
the ideal
∨F = {E ⊂ X : ∃ E ∈ [F ]<ω, E ⊂
⋃
E},
and the σ-ideal
σF = {E ⊂ X : ∃ E ∈ [F ]≤ω, E ⊂
⋃
E},
where by , [F ]<ω and [F ]≤ω we denote the families of finite and at most countable subfamilies of F , respectively.
For a family F of subsets of a topological space X by F we denote the family of all closed subsets of X that
belong to the family F . Then σF is the σ-ideal generated by closed sets in F .
For a semi-ideal I on a set X =
⋃
I /∈ I, consider the four standard cardinal characteristics:
add(I) := min{|J | : J ⊂ I (∪J /∈ I)};
cov(I) := min{|J | : J ⊂ I (∪J = X)};
non(I) := min{|A| : A ⊂ X (A /∈ I)};
cof(I) := min{|J | : J ⊂ I (∀I ∈ I ∃J ∈ J I ⊂ J)}.
A semi-ideal I on a topological group X is called
• translation-invariant if for any I ∈ I and x ∈ X the set I + x belongs to I;
• invariant if I is translation-invariant and for any topological group isomorphism f : X → X the family
{f(I) : I ∈ I} coincides with I.
Let I be a semi-ideal on a topological space X and J be a semi-ideal on a topological space Y . We say
that the semi-ideals I,J are topologically isomorphic if there exists a homeomorphism f : X → Y such that
J = {f(A) : A ∈ I}.
Definition 3.1. We shall say that a family F of subsets of a Polish group X has
• strong Steinhaus property if for any Borel subsets A,B /∈ F of X the sum A+B has nonempty interior
and the difference A−A is a neighborhood of zero in X ;
• the Steinhaus property if for any Borel subset A /∈ F the difference A−A is a neighborhood of zero;
• the weak Steinhaus property if for any Borel subset A /∈ F the difference A− A is not meager in X .
It is clear that
strong Steinhaus property ⇒ Steinhaus property ⇒ weak Steinhaus property.
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Theorem 3.2. Let I be a semi-ideal of subsets of a Polish group X such that for any closed subsets A,B /∈ I
of X the set A−B is not nowhere dense in X. Then for any analytic subspaces A,B /∈ σI of X the set A−B
is not meager in X. Consequently, the σ-ideal σI on X has the weak Steinhaus property.
Proof. Given two analytic subspacesA,B /∈ σI ofX we should prove that A−B is non-meager inX . The spaces
A,B, being analytic, are images of Polish spaces PA and PB under continuous surjective maps fA : PA → A
and fB : PB → B. Let WA be the union of all open subsets U ⊂ PA whose images fA(U) belong to the σ-ideal
σI. Since WA is Lindelo¨f, the image fA(WA) belongs to σI. By the maximality of WA, for every nonempty
relatively open subset V ⊂ PA \WA the image fA(V ) does not belong to σI. Replacing A by fA(PA \WA),
we can assume that WA is empty, so for every nonempty open subset V ⊂ PA the image fA(V ) /∈ σI.
By analogy, we can replace B by a smaller analytic subset and assume that for any nonempty open set
V ⊂ PB the image fB(V ) /∈ σI. We claim that A −B is not meager in X . To derive a contradiction, assume
that A − B is meager and hence A − B ⊂
⋃
n∈ω Fn for a sequence (Fn)n∈ω of closed nowhere dense subsets
Fn ⊂ X .
Now consider the map ∂ : PA × PB → A − B, ∂ : (x, y) 7→ fA(x) − fB(y). By the continuity of ∂, for any
n ∈ ω the preimage ∂−1(Fn) is a closed subset of the Polish space PA × PB . Since PA × PB =
⋃
n∈ω ∂
−1(Fn),
by the Baire Theorem, for some n ∈ ω the closed set ∂−1(Fn) has nonempty interior and hence contains a
nonempty open subset VA × VB of PA × PB.
By our assumption, the images fA(VA) and fB(VB) do not belong to σI. Then their closures fA(VA) and
fB(VB) do not belong to the ideal I. By our assumption, the difference fA(VA)− fB(VB) is not nowhere dense
in X .
On the other hand, by closedness of Fn and inclusion fA(VA)− fB(VB) ⊂ Fn we get
fA(VA)− fB(VB) ⊂ fA(VA)− fB(VB) ⊂ fA(VA)− fB(VB) ⊂ Fn
which yields a desired contradiction. 
Now we consider some standard examples of ideals and σ-ideals.
For a set X and a cardinal κ let
• [X ]≤κ := {A ⊂ X : |A| ≤ κ} and
• [X ]<κ := {A ⊂ X : |A| < κ}.
For an infinite cardinal κ the family [X ]<κ is an ideal and the family [X ]≤k is a σ-ideal. For any finite cardinal
κ the families [X ]≤κ and [X ]<κ are σ-continuous semi-ideals.
For a topological space X by MX we denote the σ-ideal of meager subsets of X . If X is also endowed with
a σ-additive Borel measure µ, then by Nµ we denote the σ-ideal of sets of zero µ-measure in X (more precisely,
the family of subsets of Borel sets of zero µ-measure in X). If the topological space X or the measure µ is
clear from the context, then we omit the subscript and write M and N instead of MX and Nµ. For a locally
compact topological group X by NX or just N we denote the ideal Nλ of null sets of any Haar measure λ on
X (which is unique up to a multiplicative constant). By [1, 2.12], for any strictly positive continuous measures
µ, ν ∈ P (2ω) on the Cantor cube 2ω and any ε > 0 there exists a homeomorphism h : 2ω → 2ω such that
(1− ε)µ(B) ≤ ν(h(B)) ≤ (1 + ε)µ(B)
for any Borel set B ⊂ 2ω. This implies that the σ-ideals Nµ and Nν are topologically isomorphic.
Observe that for each topological space X we get σM = M. On the other hand, for any strictly positive
continuous measure µ on a Polish space X , the σ-ideal σNµ is a proper subideal of MX ∩ Nµ. In [6], [8] the
σ-ideal σN on the Cantor cube is denoted by E .
Now we recall some known Steinhaus-type properties of the ideals M and N on topological groups.
Theorem 3.3 (Steinhaus [45], Weil [47, §11]). For every locally compact Polish group the ideal N has the
strong Steinhaus property.
Theorem 3.4 (Piccard [41], Pettis [40]). For every Polish group the idealM has the strong Steinhaus property.
Corollary 3.5. For every locally compact Polish group the ideal M∩N has the Steinhaus property.
Remark 3.6. The ideal M∩N on a non-discrete locally compact Polish group X does not have the strong
Steinhaus property. Indeed, for any dense Gδ-set A ⊂ X of Haar measure zero and any countable dense set
D ⊂ X the set B =
⋂
x∈D(x−X \A) is meager of full Haar measure. So, A,B /∈ M∩N but A+B is disjoint
with D and hence has empty interior in X . This example is presented in Example 1.3 and Theorem 1.11 of
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[7]. Since σN ⊂M∩N , the σ-ideal σN does not have the strong Steinhaus property, too. On the other hand,
this ideal has the weak Steinhaus property, established in the following corollary of Theorems 3.2, 3.3 and 3.4.
Corollary 3.7. For any analytic subsets A,B /∈ σN of a locally compact Polish group X the set A − B is
non-meager in X and hence (A−B)− (A−B) is a neighborhood of zero in X. Consequently, the ideal σN in
a locally compact Polish group X has the weak Steinhaus property.
Example 3.8. For the compact metrizable topological group X =
∏
n∈ω C2n the ideal σN does not have the
Steinhaus property.
Proof. In the compact topological Abelian group X =
∏
n∈ω C2n consider the closed subset A =
∏
n∈ω C
∗
2n
of Haar measure
∏
n∈ω
2n−1
2n > 0. Here C
∗
2n stands for the set of non-zero elements of the cyclic group C2n .
Fix a countable dense set D ⊂ X consisting of points x ∈ X such that x(n) 6= θ(n) for all but finitely many
numbers n. Observe that for any such x ∈ D the intersection A∩ (x+A) is nowhere dense in A. Then the set
B = A \
⋃
x∈D(x+A) is a dense Gδ-set in A. Taking into account that restriction of Haar measure to B = A
is strictly positive, and applying the Baire Theorem, we can prove that the Gδ-subset B of X does not belong
to the σ-ideal σN . On the other hand, B ∩ (x + B) ⊂ B ∩ (x + A) = ∅ for any x ∈ D and hence B − B is
disjoint with the dense set D. So, B−B = B+(−B) has empty interior in X and the ideal σN does not have
the Steinhaus property. 
In this paper we shall often apply the following (known) corollary of the Piccard-Pettis Theorem 3.4. We
provide a short proof for completeness.
Corollary 3.9 (Piccard, Pettis). For any non-meager analytic subset A of a Polish group X the set A−A is
a neighborhood of θ in X.
Proof. By [31, 21.6], the analytic set A has the Baire property in X . So, there exists an open set U ⊂ X
such that the symmetric difference U△A is meager and hence is contained in some meager Fσ-set M ⊂ X . It
follows that G := U \M is a Gδ-set in X such that G ⊂ A ∪M . Since the set A is not meager, the open set
U is not empty and the Gδ-set G = U \M is not meager in X . By the Piccard-Pettis Theorem 3.4, the set
G−G is a neighborhood of θ in X and so is the set A−A ⊃ G−G. 
Corollary 3.9 implies the following (known) version of the Open Mapping Principle for Polish groups (cf.
[33, 4.27]).
Corollary 3.10 (Open Mapping Principle). Any continuous surjective homomorphism h : X → Y from an
analytic topological group X to a Polish group Y is open.
Proof. Given an open neighborhood U ⊂ X of the neutral element θX of the group X , we need to prove that
h(U) is a neighborhood of the neutral element θY in the topological group Y . Choose an open neighborhood
V ⊂ X of θX such that V − V ⊂ U . Fix any countable dense set D ⊂ X and observe that X = D + V . Then
Y = h(X) = h(D) + h(V ). By the Baire Theorem, there exists x ∈ D such that the set h(x) + h(V ) is not
meager in Y . The open subspace V of the analytic space X is analytic and so is its image h(V ) in Y . By
Corollary 3.9, the difference (h(x)+h(V ))− (h(x)+h(V )) = h(V )−h(V ) is a neighborhood of θY in Y . Since
h(V ) − h(V ) = h(V − V ) ⊂ h(U), the set h(U) is a neighborhood of θY in Y and the homomorphism h is
open. 
4. Haar-null sets
Christensen [13] defined a subset A of a Polish group X to be Haar-null provided there exist a Borel set
B ⊂ X containing A and a measure µ ∈ P (X) such that µ(B + x) = 0 for each x ∈ X . The measure µ (called
the witness measure for A) can be assumed to have compact support, see e.g., [31, Theorem 17.11].
The following classical theorem is due to Christensen [13].
Theorem 4.1 (Christensen). Let X be a Polish group.
1) The family HN of all Haar-null sets in X is an invariant σ-ideal on X.
2) If X is locally compact, then HN = N .
3) The σ-ideal HN has the Steinhaus property.
Solecki [43] defined a subset A of a Polish groupX to be openly Haar-null if there exists a probability measure
µ ∈ P (X) such that for every ε > 0 there exists an open set Uε ⊂ X such that A ⊂ Uε and µ(Uε + x) < ε for
all x ∈ X . Solecki [43] observed that openly Haar-null sets in a Polish group form a σ-ideal HN ◦, contained
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in the σ-ideal HN of Haar-null sets. It is clear that each openly Haar-null set A ⊂ X in a Polish group X is
contained in a Haar-null Gδ-set B ⊂ X . By a result of Elekes and Vidnya´nszky [23] (see also Corollary 13.12),
each non-locally compact Polish group X contains a Borel Haar-null set B ⊂ X which cannot be enlarged
to a Haar-null Gδ-set in X . Such set B is Haar-null but not openly Haar-null. This result of Elekes and
Vidnya´nszky implies the following characterization.
Theorem 4.2. For any Polish group X we have HN ◦ ⊂ HN . Moreover, X is locally compact if and only if
HN ◦ = HN .
Our next theorem gives a function characterization of Haar-null sets. In this theorem by N we denote the
ideal of sets of Haar measure zero in the Cantor cube.
Theorem 4.3. For a Borel subset A of a Polish group X the following conditions are equivalent:
1) A is Haar-null in X;
2) there exists an injective continuous map f : 2ω → X such that f−1(A+ x) ∈ N for all x ∈ X;
3) there exists a continuous map f : 2ω → X such that f−1(A+ x) ∈ N for all x ∈ X.
Proof. The implication (2) ⇒ (3) is trivial. To see (3) ⇒ (1), let µ := Pf(λ) be the image of the product
measure λ under the map f , and observe that µ(A+ x) = λ(f−1(A+ x)) for any x ∈ X . So, µ witnesses that
A is Haar-null in X .
The implication (1)⇒ (2) follows immediately from Lemmas 4.4 and 4.5 proved below. 
Lemma 4.4. For any nonempty Haar-null subset A of Polish group X there exists a measure ν ∈ P (X) such
that
1) ν(A + x) = 0 for every x ∈ X;
2) the support supp (ν) is homeomorphic to the Cantor cube.
Proof. Since A is Haar-null, there exists a measure µ ∈ P (X) such that µ(A+ x) = 0 for all x ∈ X . Observe
that µ is continuous in the sense that µ({x}) = 0 for all x ∈ X . We claim that µ(K) > 0 for some subset
K ⊂ X , homeomorphic to the Cantor cube.
Fix any metric ρ generating the topology of X . Let D be a countable dense subset of X . For any x ∈ X
let Lx be the set of all positive real numbers r > 0 such that the sphere S(x, r) = {y ∈ X : ρ(x, y) = r} has
positive measure µ(S(x, r)). The countable additivity of the measure µ ensures that Lx is at most countable.
Fix a countable dense set R ⊂ (0,+∞) \
⋃
x∈D Lx.
By the σ-additivity of µ, the union S :=
⋃
x∈D
⋃
r∈R S(x, r) has measure µ(S) = 0. Then the complement
X \S is a zero-dimensional Gδ-set of measure µ(X \S) = 1. By the regularity of the measure µ, there exists a
compact (zero-dimensional) subset K ⊂ X \S of positive measure µ(K) > 0. Replacing K by a suitable closed
subset, we can assume that each nonempty open subset U of K has positive measure µ(U). Since the measure
µ is continuous, the compact space K has no isolated points and being zero-dimensional, is homeomorphic to
the Cantor cube 2ω.
It is easy to see that the measure ν ∈ P (X) defined by ν(B) = µ(B∩K)µ(K) for any Borel subset B ⊂ X has the
required properties. 
Lemma 4.5. For every continuous probability measure µ ∈ P (X) on a Polish space X and every positive
a < 1 there exists an injective continuous map f : 2ω → X such that for any Borel set B ⊂ 2ω we get
µ(f(B)) = a · λ(B).
Proof. Fix a decreasing sequence (an)n∈ω of real numbers with a = infn∈ω an < a0 = 1.
For a point x ∈ X let τx be the family of open neighborhoods of x in X . A subset P ⊂ X will be called
µ-positive if for any x ∈ P and neighborhood Ox ⊂ X of x the set P ∩Ox has positive measure µ(P ∩Ox).
Observe that for every Borel set B ⊂ X the subset
P = {x ∈ B : ∀Ox ∈ τx µ(B ∩Ox) > 0}
of B is closed in B, is µ-positive, and has measure µ(P ) = µ(B).
By induction we shall construct an increasing number sequence (nk)k∈ω and a family (Xs)s∈2<ω of µ-positive
compact subsets of X such that for every k ∈ ω and s ∈ 2nk the following conditions are satisfied:
(1) a2k+12nk < µ(Xs) ≤
a2k
2nk ;
(2) the family {Xt : t ∈ 2nk+1 , t|nk = s} is disjoint and consists of µ-positive compact subsets of Xs of
diameter < 1
2k
;
(3) for any n ∈ ω with nk < n ≤ nk+1 and any t ∈ 2n we get Xt =
⋃
{Xσ : σ ∈ 2nk+1 , σ|n = t}.
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To start the inductive construction put n0 = 0 and repeating the proof of Lemma 4.4, choose any µ-positive
zero-dimensional compact set X∅ ⊂ X of measure µ(X∅) > a1. Assume that for some k ∈ ω the numbers
n0 < n1 < · · · < nk and families (Xs)s∈2ni , i ≤ k, satisfying the inductive conditions (1)–(3) have been
constructed. The condition (2) implies that for every s ∈ 2nk the set Xs is a subset of the zero-dimensional
compact space X∅. So, there exists a finite disjoint cover Ws of Xs by clopen subsets of diameter <
1
2k
.
Choose a number nk+1 > nk such that
|Ws|
2nk+1−nk
<
a2k+1
a2k+2
− 1 for every s ∈ 2nk .
This inequality and the inductive assumption (1) implies that for every s ∈ 2nk we have∑
W∈Ws
2nk+1
a2k+2
· µ(W ) =
2nk+1
a2k+2
· µ(Xs) >
2nk+1
a2k+2
a2k+1
2nk
= 2nk+1−nk
a2k+1
a2k+2
> 2nk+1−nk + |Ws|.
Then for every W ∈ Ws we can choose a non-negative integer number mW ≤
2nk+1
a2k+2
· µ(W ) such that∑
W∈Ws
mW = 2
nk+1−nk . For every W ∈ Ws the inequality mW
a2k+2
2nk+1
≤ µ(W ) allows us to choose a disjoint
family (XW,i)i∈mW of µ-positive compact subset of W of measure
a2k+3
2nk+1
< µ(XW,i) ≤
a2k+2
2nk+1
for all i ∈ mW .
Let {Xt}t∈2nk+1 be any enumeration of the family
⋃
s∈2nk
⋃
W∈Ws
{XW,i : i ∈ mW } such that for every s ∈ 2nk
we get {Xt : t ∈ 2nk+1 , t|2nk = s} =
⋃
W∈Ws
{XW,i}i∈mW . It is clear that the family (Xt)t∈2nk+1 satisfies the
conditions (1), (2). For every n ∈ ω with nk < n ≤ nk+1 and any t ∈ 2n put Xt =
⋃
{Xσ : σ ∈ 2nk+1 , σ|n = t}.
This completes the inductive step.
After completing the inductive construction, we obtain a family (Xs)s∈2<ω of µ-positive compact sets in X
satisfying the conditions (1)–(3). By the condition (2), for every s ∈ 2ω the intersection
⋂
n∈ωXs|n contains
a unique point xs. So, the map f : 2
ω → X , f : s 7→ xs, is well-defined. By the condition (2) this map is
continuous and injective.
Now given any k ∈ ω and s ∈ 2nk , consider the basic open set Us = {t ∈ 2ω : t|nk = s} ⊂ 2ω of measure
λ(Us) =
1
2nk . Next, for every i ≥ k consider the set Xs,i =
⋃
{Xt : t ∈ 2ni , t|nk = s}. Applying the condition
(1), we conclude that
a2i+1
2nk
=
a2i+1
2ni
· 2ni−nk < µ(Xs,i) ≤
a2i
2ni
· 2ni−nk =
a2i
2nk
.
Taking into account that f(Us) =
⋂∞
i=k Xs,i, we conclude that
µ(f(Us)) = lim
i→∞
µ(Xs,i) =
a
2nk
= a · λ(Us).
Since each clopen subset of 2ω is a finite disjoint union of basic open sets Us, s ∈ 2<ω, we obtain that
µ(f(U)) = a · λ(U) for any clopen set U ⊂ 2ω. Now the countable additivity of the measures µ and λ implies
that µ(f(B)) = a · λ(B) for any Borel subset B ⊂ 2ω. 
5. Haar-meager sets
In [14] Darji defined a subset A of a Polish group X to be Haar-meager if there are a Borel set B ⊂ X with
A ⊂ B, and a continuous function f : K → X defined on a compact metrizable space K such that f−1(B + x)
is meager in K for each x ∈ X . If B is not empty, then the compact space K cannot contain isolated points.
In fact, we can assume that the compact space K in this definition is the Cantor cube.
Proposition 5.1. A Borel set B ⊂ X is Haar-meager if and only if there is a continuous function f : 2ω → X
such that f−1(B + x) is meager in 2ω for all x ∈ X.
Proof. The “if” part is trivial. To prove the “only if” part, assume that B is Haar-meager and fix a continuous
function h : K → X defined on a compact metrizable space K such that h−1(B + x) ∈ M in K for every
x ∈ X . By [14, Lemma 2.10], there is a surjective continuous function f : 2ω → K such that f−1(M) ∈ M
in 2ω for each meager set M ⊂ K. Hence h ◦ f : 2ω → X is continuous and (h ◦ f)−1(B + x) ∈ M for each
x ∈ X . 
The above proposition shows that Haar-meager sets can be equivalently defined as follows.
Definition 5.2. A Borel subset B of a Polish group X is called
• Haar-meager if there exists a continuous function f : 2ω → X such that f−1(B + x) is meager in 2ω
for each x ∈ X ;
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• injectively Haar-meager if there exists an injective continuous function f : 2ω → X such that f−1(B+x)
is meager in 2ω for each x ∈ X ;
• strongly Haar-meager if there exists a nonempty compact subset K ⊂ X such that the set K ∩ (B+ x)
is meager in K for each x ∈ X .
For a Polish group X by HM (resp. EHM, SHM) we denote the family of subsets of (injectively, strongly)
Haar-meager Borel sets in X . It is clear that
EHM ⊂ SHM ⊂ HM.
The following theorem is proved in [14, Theorems 2.2 and 2.9].
Theorem 5.3 (Darji). For any Polish group X the family HM is a σ-ideal, contained in M.
The Steinhaus property of the ideal HM was established by Jab lon´ska [30].
Theorem 5.4 (Jab lon´ska). For each Polish group the ideal HM has the Steinhaus property.
Remark 5.5. In Corollary 9.7 we shall improve Theorem 5.4 showing that for each Polish group the semi-ideal
EHM has the Steinhaus property.
Example 5.6. The closed subset A = ωω of the Polish group X = Zω is neither Haar-null nor Haar-meager.
Yet, A + A = A is nowhere dense in X. This implies that the ideals HN and HM on Zω do not have the
strong Steinhaus property.
Proof. It is easy to see that A+A = A and for any compact subset K ⊂ X there is x ∈ X such that K+x ⊂ A.
This implies that A /∈ HN ∪HM. 
The equivalence of the first two items of the following characterization was proved by Darji [14].
Theorem 5.7. The following conditions are equivalent:
1) a Polish group X is locally compact;
2) HM =M;
3) HM =M.
Proof. The equivalence (1)⇔ (2) was proved by Darji [14, Theorems 2.2 and 2.4] and (2)⇒ (3) is trivial. To
see that (3)⇒ (1), assume that X is not locally compact. Then, by Solecki’s Theorem [42], there is a closed set
F ⊂ X and a continuous function f : F → 2ω such that for each a ∈ 2ω the set f−1(a) contains a translation
of every compact subset of X . Since X is separable, there is a0 ∈ 2ω such that f−1(a0) is nowhere dense and
thus it belongs to M\HM. 
The second part of the following problem was posed by Darji [14, Problem 3].
Problem 5.8. Is EHM a σ-ideal? Is SHM a σ-ideal?
We recall that a topological space X is totally disconnected if for any distinct points x, y ∈ X there exists a
clopen set U ⊂ X such that x ∈ U and y /∈ U .
Remark 5.9. For any totally disconnected Polish group X we have EHM = SHM.
Proof. It suffices to prove that SHM ⊂ EHM. If B ⊂ X is Borel and strongly Haar-meager, then there is a
compact subset K ⊂ X (without isolated points) such that K ∩ (B + x) is meager in K for each x ∈ X . Since
X is totally disconnected, K is zero-dimensional and hence is homeomorphic to the Cantor cube 2ω. So, we
can choose a homeomorphism f : 2ω → K and observe that f−1(B + x) is meager in 2ω for each x ∈ X . 
Remark 5.10. In Example 6.8 we shall prove that the Polish group Rω contains a closed subset F ∈ SHM\
EHM. By a recent result of Elekes, Nagy, Poo´r and Vidnya´nszky [21], the Polish group Zω contains a Gδ-set
G ∈ HM\ SHM.
On the other hand, for hull-compact Polish groups we have the equality SHM = HM.
Definition 5.11. A topological group X is called hull-compact if each compact subset of X is contained in a
compact subgroup of X .
Theorem 5.12. Each hull-compact Polish group has HM = SHM.
LOOKING AT POLISH GROUPS THROUGH COMPACT GLASSES 11
Proof. Let A be a Borel Haar-meager set in a hull-compact Polish group X . Take a continuous function
f : 2ω → X such that f−1(A + x) is meager in 2ω for each x ∈ X . By the hull-compactness of X there is a
compact subgroup Y ⊂ X containing the compact set f(2ω). We prove that Y ∩ (A + x) is meager in Y for
each x ∈ X . Contrary suppose that this is not the case. By Theorem 5.3, HM ⊂ M, so Y ∩ (A + x) is not
Haar-meager in Y . Consequently, there exists y ∈ Y such that f−1((Y ∩ (A+ x)) + y) ⊂ f−1(A+ x+ y) is not
meager in 2ω, which is a desired contradiction. 
We recall that a group X is locally finite if each finite subset of X is contained in a finite subgroup of X .
Example 5.13. The Tychonoff product X =
∏
n∈ωXn of infinite locally finite discrete groups Xn is Polish,
hull-compact, but not locally compact. For this group we have EHM = SHM = HM 6=M.
Proof. Clearly, X is Polish but not locally compact. To prove that X is hull-compact, fix a compact set
K ⊂ X . Then for every n ∈ ω the projection πn(K) of K onto the factor Xn is compact. Since the group Xn
is discrete and locally finite, the compact subset πn(K) of Xn is finite and generates a finite subgroup Fn of
Xn. Then F =
∏
n∈ω Fn is a compact subgroup of X , containing K and witnessing that the topological group
X is hull-compact.
For the group X we have EHM = SHM = HM 6= M according to Remark 5.9 and Theorems 5.12 and
5.7. 
6. A universal counterexample
In this section we shall present a construction of a closed subset of the topological group Rω allowing to
distinguish many ideals of small sets in Rω.
We recall that by K(Rω) we denote the hyperspace of nonempty compact subsets of Rω endowed with the
Vietoris topology. It is well-known that K(Rω) is a Polish space. A subspace K ⊂ K(Rω) is analytic if K is a
continuous image of a Polish space.
Theorem 6.1. For any nonempty analytic subspace K ⊂ K(Rω) there exists a closed set F ⊂ Rω such that
1) for any K ∈ K there exists x ∈ Rω such that K + x ⊂ F ;
2) for any x ∈ Rω the intersection F ∩ (x+ [0, 1]ω) is contained in K + d for some K ∈ K and d ∈ Rω.
Proof. Let In = [2
n+1, 2n+1+n+1] ⊂ R and Lm =
⋃
n∈ω Ii(n,m) for n,m ∈ ω, where i : ω×ω → N is an injective
function, which is increasing with respect to the first coordinate (for example, we can take i(x, y) := 2x3y for
(x, y) ∈ ω × ω).
In the following obvious claim we put dist(A,B) = inf{|a − b| : a ∈ A, b ∈ B} for two nonempty subsets
A,B of the real line.
Claim 6.2. For any distinct numbers n,m ≥ 1 we have dist(In, Im) ≥ 2 and hence dist(Ln, Lm) ≥ 2.
By R+ we denote the closed half-line [0,+∞) and R≤2 = {(x, y) ∈ R2 : x ≤ y} the closed half-plane. Let
also [R]2 be the family of 2-elements subsets of R, endowed with the Vietoris topology.
Lemma 6.3. For every m ∈ ω there exists a continuous function Dm : R≤2 → [R]2 such that for every
(x, y) ∈ R≤2 the doubleton Dm(x, y) has diameter ≥ 2 + (y − x) and Dm(x, y) contains a point d such that
d+ [x, y] ⊂ Lm.
Proof. The function Dm will be defined as Dm(x, y) = {am(x, y), bm(x, y)} for suitable continuous functions
am, bm : R
≤2 → R. Let a¯m, b¯m : R+ → R+ be the piecewise linear functions such that
• a¯m(0) = min Ii(1,m), b¯m(0) = min Ii(3,m);
• a¯m(i(n,m)) = min Ii(n+1,m), b¯m(i(n,m)) = min Ii(n+4,m) for each even n ∈ ω, and
• a¯m(i(n,m)) = min Ii(n+2,m), b¯m(i(n,m)) = min Ii(n+3,m) for each odd n ∈ ω.
Claim 6.4. b¯m(x)− a¯m(x) ≥ 2 + x for any x ∈ R
+.
Proof. Since the functions are piecewise linear, it suffices to check the inequality for x ∈ {0} ∪ {i(n,m)}n∈ω.
First observe that
b¯m(0)− a¯m(0) = min Ii(3,m) −min Ii(1,m) = 2
i(3,m)+1 − 2i(1,m)+1
= 2i(1,m)+1(2i(3,m)−i(1,m) − 1) ≥ 22(22 − 1) = 12 > 2 + 0.
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For every even n ∈ ω we have
b¯m(i(n,m))− a¯m(i(n,m)) = 2
i(n+4,m)+1 − 2i(n+1,m)+1
= 2i(n+1,m)+1(2i(n+4,m)−i(n+1,m) − 1) ≥ 2i(n,m)+2(23 − 1) ≥ i(n,m) + 2.
Finally, for every odd n ∈ ω we have
b¯m(i(n,m))− a¯m(i(n,m)) = 2
i(n+3,m)+1 − 2i(n+2,m)+1
= 2i(n+2,m)+1(2i(n+3,m)−i(n+2,m) − 1) ≥ 2i(n,m)+3 ≥ i(n,m) + 2.

Put am(x, y) := a¯m(y− x)− x and bm(x, y) := b¯m(y− x)− x for every (x, y) ∈ R≤2. Claim 6.4 implies that
bm(x, y)− am(x, y) = b¯m(y − x)− a¯m(y − x) ≥ 2 + y − x for all (x, y) ∈ R≤2.
Now, define the continuous function Dm : R
≤2 → [R]2 letting
Dm(x, y) :=
{
am(x, y), bm(x, y)
}
for (x, y) ∈ R≤2. It is clear that for every (x, y) ∈ R≤2 the doubleton Dm(x, y) has diameter bm(x, y) −
am(x, y) ≥ 2 + y − x. Let us show that Dm(x, y) contains a point d such that d+ [x, y] ⊂ Lm.
If y − x < i(0,m), then the point am(x, y) ∈ Fm(x, y) has the required property:
am(x, y) + [x, y] = a¯m(y − x) + [0, y − x] = [min Ii(1,m),min Ii(1,m) + y − x] ⊂ Ii(1,m) ⊂ Lm.
If y − x ≥ i(0,m) then there exists a unique n ∈ ω such that i(n,m) ≤ y − x < i(n+ 1,m). If n is
• even, then bm(x, y) + [x, y] = [min Ii(n+4,m),min Ii(n+4,m) + y − x] ⊂ Ii(n+4,m) ⊂ Lm,
• odd, then am(x, y) + [x, y] = [min Ii(n+2,m),min Ii(n+2,m) + y − x] ⊂ Ii(n+2,m) ⊂ Lm.

Since the nonempty subspace K of K(Rω) is analytic, there exists a continuous surjection f : ωω → K. For
every α ∈ ωω consider the compact set Kα := f(α) ∈ K. For m ∈ ω by πm : Rω → R, πm : x 7→ x(m), we
denote the projection of Rω onto the m-th coordinate.
For every α ∈ ωω consider the subsets
Dα =
∏
i∈ω
Dα(i)(min πi(Kα),maxπi(Kα)) and Lα =
∏
i∈ω
Lα(i)
of Rω.
We claim that the union F =
⋃
α∈ωω Aα of the compact sets Aα = (Kα+Dα)∩Lα satisfies our requirements.
This will be proved in the following three lemmas.
Lemma 6.5. The set F is closed in Rω.
Proof. Fix a sequence (xn)n∈ω of elements of F convergent to some x ∈ Rω. Since Aα’s are pairwise disjoint,
we obtain that for each n ∈ ω there exists an exactly one αn ∈ ωω with xn ∈ Aαn .
We claim that the sequence (αn)n∈ω is convergent in ω
ω. The convergence of the sequence (xn)n∈ω implies
that for any i ∈ ω there exists n ∈ ω such that |xn(i)−xm(i)| < 2 for any m ≥ n. We claim that αm(i) = αn(i)
for any m ≥ n. Assuming that αm(i) 6= αn(i) for some m ≥ n and taking into account that xm ∈ Aαm ⊂∏
i∈ω Lαm(i) and xn ∈ Aαn ⊂
∏
i∈ω Lαn(i), we conclude that
|xm(i)− xn(i)| ≥ dist(Lαm(i), Lαn(i)) ≥ 2,
which contradicts the choice of n. This contradiction shows that αm(i) = αn(i) for all m ≥ n and hence the
sequence (αm(i))m∈ω converges in ω. Then the sequence (αm)m∈ω converges in ω
ω to some element α ∈ ωω.
Given any i ∈ ω, find n ∈ ω such that αm(i) = α(i) for all m ≥ n and conclude that xm(i) ∈ Lαm(i) = Lα(i)
for all m ≥ n. Taking into account that the set Lα(i) is closed in R, we conclude that x(i) = limm→∞ xm(i) ∈
Lα(i), and hence x ∈
∏
i∈ω Lα(i) = Lα.
The continuity of the function f : ωω → K guarantees that limn→∞Kαn = Kα and limn→∞Dαn = Dα in the
hyperspace K(Rω). Then x = limn→∞ xn ∈ limn→∞(Kαn+Dαn) = Kα+Dα and finally x ∈ (Kα+Dα)∩Lα ⊂
F . 
Lemma 6.6. For any K ∈ K there exists x ∈ Rω such that K + x ⊂ F .
Proof. Given any K ∈ K, find α ∈ ωω such that K = Kα. Lemma 6.3 implies that the Cantor set Dα contains
a point x such that Kα + x ⊂ Lα. Then K + x = Kα + x ⊂ (Kα +Dα) ∩ Lα ⊂ F . 
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Lemma 6.7. For any x ∈ Rω the intersection F ∩ (x+ [0, 1]ω) is contained in the set K + d for some K ∈ K
and d ∈ Rω.
Proof. We can assume that the intersection F ∩ (x+ [0, 1]ω) is not empty (otherwise it is contained in any set
K + d).
Claim 6.2 implies that there exists a unique α ∈ ωω such that (x+ [0, 1]ω) ∩ Lα is not empty. Then
(x + [0, 1]ω) ∩ F = (x+ [0, 1]ω) ∩ Aα = (x+ [0, 1]
ω) ∩ (Kα +Dα) ∩ Lα
and we can find a point d ∈ Dα such that the intersection (x + [0, 1]ω) ∩ (Kα + d) is not empty and hence
contains some point z. We claim that for any point d′ ∈ Dα \ {d} the intersection (x + [0, 1]ω) ∩ (Kα + d′) is
empty.
To derive a contradiction, assume that (x+ [0, 1]ω)∩ (Kα+ d′) is not empty and hence contains some point
z′. Since d′ 6= d, there exists a coordinate i ∈ ω such that d(i) 6= d(i′). Without loss of generality, we can
assume that d(i) < d′(i). Taking into account that doubleton {d(i), d′(i)} = Dα(i)(minπi(Kα),max πi(Kα))
has diameter ≥ 2 + max πi(Kα)−min πi(Kα), we conclude that
d′(i)− d(i) ≥ 2 + maxπi(Kα)−minπi(Kα) ≥ 2 + (z(i)− d(i))− (z
′(i)− d′(i)),
which implies z′(i)− z(i) ≥ 2. But this is impossible as z(i), z′(i) ∈ x(i) + [0, 1] and hence |z(i)− z′(i)| ≤ 1.
Therefore, (x+ [0, 1]ω) ∩ F = (Kα + d) ∩ Lα ⊂ Kα + d = K + d. 

We shall apply Theorem 6.1 to produce the following example promised in Remark 5.10.
Example 6.8. The topological group Rω contains a closed subset F ∈ SHM \ EHM.
Proof. In the hyperspace K(Rω) consider the subspace K0 consisting of topological copies of the Cantor set
(i.e., zero-dimensional compact subsets of Rω without isolated points).
By Lemma 2.2, the set E(2ω,Rω) of injective maps is Polish (being a Gδ-set of the Polish space C(2ω,Rω)).
Then the space K0 is analytic, being the image of the Polish space E(2ω,Rω) under the continuous map
rng : E(2ω,Rω)→ K0, rng : f 7→ f(2ω).
By Theorem 6.1, the topological group Rω contains a closed subset F such that
(1) for any K ∈ K0 there exists x ∈ Rω with x+K ⊂ F ;
(2) for x ∈ Rω the intersection [0, 1]ω ∩ (x+ F ) belongs to K0 and hence is nowhere dense in [0, 1]ω.
The last condition witnesses that F ∈ SHM and the first condition that F /∈ EHM. 
7. Haar-open sets
In this section we discuss Haar-open sets and their relation to Haar-meager and Haar-null sets.
Definition 7.1. A subset A of a topological group X is called Haar-open in X if for any compact subset
K ⊂ X and point p ∈ K there exists x ∈ X such that K ∩ (A+ x) is a neighborhood of p in K.
Theorem 7.2. A subset A of a complete metric group X is Haar-open if and only if for any nonempty compact
set K ⊂ X there exists x ∈ X such that the set K ∩ (A+ x) has nonempty interior in K.
Proof. The “only if” part is trivial. To prove the “if” part, take any non-empty compact space K ⊂ X and a
point p ∈ K. Let ρ be an invariant complete metric generating the topology of the group X .
For every n ∈ ω consider the compact neighborhood Kn := {x ∈ K : ρ(x, p) ≤
1
2n } of the point p in K.
Next, consider the compact space Π :=
∏
n∈ωKn and the map
f : Π→ X, f : (xn)n∈ω 7→
∞∑
n=0
xn,
which is well-defined and continuous because of the completeness of the metric ρ and the convergence of the
series
∑∞
n=0
1
2n .
If for the compact set f(Π) in X there exists x ∈ X such that the intersection f(Π)∩ (A+ x) contains some
non-empty open subset U of f(Π), then we can choose any point (xi)i∈ω ∈ f
−1(U) and find n ∈ ω such that
{(xi)}i<n ×
∏
i≥nKi ⊂ f
−1(U). Then for the point s =
∑
i<n xi ∈
∑
i<nKi ⊂ X , we get s+Kn ⊂ U ⊂ A+ x
and hence the intersection K ∩ (A+ x− s) ⊃ Kn is a neighborhood of p in K. 
Haar-open sets are related to (finitely or openly) thick sets.
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Definition 7.3. A subset A of a topological group X is called
• thick if for any compact subset K ⊂ X there is x ∈ X such that K ⊂ x+A;
• countably thick if for any countable subset E ⊂ X there is x ∈ X such that E ⊂ x+A;
• finitely thick if for any finite subset F ⊂ X there is x ∈ X such that F ⊂ x+A;
• openly thick if there exists a nonempty open set W ⊂ X such that for any finite family U of nonempty
open subsets of W there exists x ∈ X such that A+ x intersects each set U ∈ U .
For any subset of a topological group we have the implications:
openly thick⇐ finitely thick⇐ thick⇒ Haar-open⇒ not (Haar-null or Haar-meager).
The following proposition shows that Haar-open sets are close to being thick.
Proposition 7.4. If a subset A of a topological group X is Haar-open, then for any compact set K ⊂ X there
exists a finite set F ⊂ X such that K ⊂ F +A.
Proof. Since A is Haar-open, for every point p ∈ K there exists an open neighborhood Up ⊂ K of p in K that
is contained in some shift xp + A of the set A. By the compactness of K, the open cover {Up : p ∈ K} of
K admits a finite subcover {Up : p ∈ E}. Then the finite set F = {xp : p ∈ E} has the desired property as
K =
⋃
p∈E Up ⊂
⋃
p∈E(A+ xp) = A+ F . 
Theorem 7.5. For a closed subset A of a Polish group X the following conditions are equivalent:
1) A is Haar-meager in X;
2) A is strongly Haar-meager in X;
3) A is not Haar-open.
Proof. The implication (2) ⇒ (1) is trivial. To see that (1) ⇒ (3), assume that A is Haar-meager and find a
continuous map f : K → X defined on a compact metrizable space K such that for every x ∈ X the preimage
f−1(x + A) is meager in K. Then the compact space f(K) and any point p ∈ f(K) witness that A is not
Haar-open in X .
To prove that (3)⇒ (2), assume that A is not Haar-open. By Theorem 7.2, there exists a nonempty compact
set K ⊂ X such that for every x ∈ X the intersection K ∩ (A+ x) has empty interior in K and being a closed
set, is nowhere dense and hence meager in K. 
Remark 7.6. Theorem 7.5 implies that for any Polish group the semi-ideal ↓SHM = ↓HM is an ideal.
The proof of Theorem 17 in the paper by Dolezˇal and Vlasaˇk [18] yields the following fact.
Theorem 7.7. If a subset A of a Polish group is not openly thick, then A¯ ∈ EHM.
The following proposition shows that Theorem 7.7 cannot be reversed.
Proposition 7.8. Each non-compact Polish group X contains a closed discrete openly thick set A. If the group
X is uncountable, then A is Haar-null and injectively Haar-meager.
Proof. Fix a complete invariant metric ρ generating the topology of the Polish group X . Taking into account
that X is not compact, we conclude that the complete metric space (X, ρ) is not totally bounded. So, there
exists ε > 0 such that for any finite subset F ⊂ X there exists x ∈ X such that ρ(x, F ) > ε, where ρ(x, F ) =
min{ρ(x, y) : y ∈ F}.
Let D be a countable dense subset of X . Let {Dn}n∈ω be an enumeration of all nonempty finite subsets of
D. By induction, construct a sequence (xn)n∈ω of points in X such that ρ(xn,
⋃
k<nDk + xk −Dn) > ε and
hence ρ(Dn + xn,
⋃
k<nDk + xk) > ε for all n ∈ ω.
The choice of the points xn, n ∈ ω, ensures that the set A =
⋃
n∈ω(Dn + xn) is closed and discrete.
To prove that the set A is openly thick in X , it suffices to show that for any finite family U of nonempty
open sets in X there exists x ∈ X such that the set x + A intersects each set U ∈ U . Given a finite family U
of nonempty open sets in X , choose a finite subset F ⊂ D intersecting each set U ∈ U . Next, find a number
n ∈ ω such that F = Dn and observe that the set A− xn ⊃ Dn = F intersects each set U ∈ U .
If the Polish group X is uncountable, then it contains a subset C ⊂ X , homeomorphic to the Cantor cube.
Observe that for every x ∈ X the intersection C ∩ (A + x) is finite (being a closed discrete subspace of the
compact space C). This implies that A is Haar-null and injectively Haar-meager. 
Proposition 7.9. Each closed Haar-null subset of a Polish group X is injectively Haar-meager. This yields
the inclusions HN ⊂ EHM and σHN ⊂ σEHM ⊂ σHM.
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Proof. Let A be a closed Haar-null set inX . By Lemma 4.4, there exists µ ∈ P (X) with supp (µ) homeomorphic
to the Cantor set. Since µ(U) > 0 for every open set U ⊂ supp (µ), the set (A + x) ∩ supp (µ) is closed and
has empty interior in supp (µ) for any x ∈ X . But this shows that the set A is injectively Haar-meager with
any homeomorphism h : 2ω → supp (µ) witnessing this fact. 
Proposition 7.10. Each non-locally compact Polish group X contains a closed thick set A and a thick Gδ-set
B such that the sum A+B has empty interior in X.
Proof. By [37], each non-locally compact Polish group X contains two closed thick sets A,C such that for every
x ∈ X the intersection C ∩ (x−A) is compact. Fix a countable dense set D ⊂ X and consider the σ-compact
set S =
⋃
x∈D C ∩ (x−A). By Lemma 7.11, the Gδ-set B = C \ S is thick in X . On the other hand, the sum
B +A is disjoint with D and hence A+B = B +A has empty interior. 
Lemma 7.11. For any thick set A in a non-locally compact Polish group X and any σ-compact set S ⊂ X
the set A \ S is thick in X.
Proof. Given a compact set K ⊂ X , we need to find an element x ∈ X such that x +K ⊂ A \ S. Let H be
the subgroup of X generated by the σ-compact set S ∪K. Since the Polish group X is not locally compact,
the σ-compact subgroup H is meager in X . Take any point z ∈ X \H . Since the set A is thick, there exists
x ∈ X such that x + {θ, z} +K ⊂ A. If x +K is disjoint with H , then x +K ⊂ A \H ⊂ A \ S and we are
done. If x +K intersects H , then x ∈ H −K = H and x + z +K ⊂ z +H is disjoint with H . In this case
x+ z +K ⊂ A \H ⊂ A \ S. 
On the other hand, the ideal HN has the following “Haar-open” version of the strong Steinhaus property.
Theorem 7.12. Let X =
∏
n∈ωXn be the Tychonoff product of locally compact topological groups and A,B ⊂
X be two Borel sets in X. If A,B are not Haar-null, then the sum-set A+B is Haar-open in X.
This theorem follows from Theorems 7.15 and 7.16 proved below. In the proofs we shall use special measures,
introduced in Definitions 7.13 and 7.14. For a measure µ ∈ P (X) on a topological space X , a Borel set B ⊂ X
is called µ-positive if µ(B) > 0.
Definition 7.13. A measure µ ∈ P (X) on a topological group X is called coherent if for any µ-positive
compact sets A,B ⊂ X there are points a, b ∈ X such that the set (A+ a) ∩ (B + b) is µ-positive.
Definition 7.14. Let K be a compact set in a topological group X . A measure µ ∈ P (X) is called K-
shiftable if for every µ-positive compact set B ⊂ X there exists a neighborhood U ⊂ X of θ such that
infx∈U∩K µ(B + x) > 0.
Theorem 7.15. Let X be a topological group such that for any compact set K ⊂ X there exists a coherent
K-shiftable Radon measure µ ∈ P (X). Let A,B be Borel sets in X. If A,B are not Haar-null, then the set
A−B = {a− b : a ∈ A, b ∈ B} is Haar-open in X.
Proof. To show that A − B is Haar-open, fix any compact set K in X and a point p ∈ K. We need to find
a point s ∈ X such that (A − B + s) ∩K is a neighborhood of p in K. By our assumption, for the compact
set K − p, there exists a coherent (K − p)-shiftable measure µ ∈ P (X). Since A,B are not Haar-null, there
exist points a, b ∈ X such that µ(A + a) > 0 and µ(B + b) > 0. Since the measure µ is Radon and coherent,
there exist points a′, b′ ∈ X such that the set (A+ a+ a′) ∩ (B + b+ b′) is µ-positive and hence contains some
µ-positive compact set C. We claim that the set V := {x ∈ K − p : µ
(
C ∩ (C + x)
)
> 0} is a neighborhood of
θ in K − p.
Since µ is (K − p)-shiftable, for the compact set C there exist a neighborhood U ⊂ X of θ and positive
ε > 0 such that µ(C + x) > 2ε for all x ∈ U ∩ (K − p). Using the regularity of the measure µ, we can
replace the neighborhood U by a smaller neighborhood of θ and assume that µ(C + U) < µ(C) + ε. We claim
that U ∩ (K − p) ⊂ V . Indeed, for any x ∈ U ∩ (K − p), the set C + x has measure µ(C + x) > 2ε. Since
C + x ⊂ C + U , we conclude that
µ
(
C ∩ (C + x)
)
= µ(C) + µ(C + x)− µ
(
C ∪ (C + x)
)
> µ(C) + 2ε− µ(C + U) > ε > 0,
which means that x ∈ V and V ⊃ U ∩ (K − p) is a neighborhood of θ in K − p. Then W = V + p
is a neighborhood of p in K. It follows that for every x ∈ W , we get C ∩ (C + x − p) 6= ∅ and hence
x ∈ C + p − C ⊂ (A + a+ a′) + p− (B + b + b′). So, for the point s := a+ a′ + p − b− b′ the set A− B + s
contains each point x of the set W ⊂ K and K ∩ (A−B + s) ⊃W is a neighborhood of p in K. 
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Theorem 7.16. Let X =
∏
n∈ωXn be the Tychonoff product of locally compact topological groups. Then for
every compact subset K ⊂ X, there exists a coherent K-shiftable Radon measure µ ∈ P (X) such that µ = −µ
and µ has compact support.
Proof. Fix a compact set K ⊂ X . Replacing K by K ∪ {θ} ∪ (−K) we can assume that θ ∈ K = −K.
For every n ∈ ω we identify the products
∏
i<nXi and
∏
i≥nXi with the subgroups X<n := {(xi)i∈ω ∈ X :
∀i ≥ n xi = θi} and X≥n := {(xi)i∈ω ∈ X : ∀i < n xi = θi} of X , respectively. Here by θi we denote the
neutral element of the group Xi.
Let prn : X → Xn and prlen : X → X≤n be the natural coordinate projections. For every n ∈ ω let Kn be
the projection of the compact set K onto the locally compact group Xn.
Fix a decreasing sequence (Oi,n)i∈ω of open neighborhoods of zero in the group Xn such that O¯0,n is
compact and Oi+1,n + Oi+1,n ⊂ Oi,n = −Oi,n for every i ∈ ω. For every m ∈ ω consider the neighborhood
Um,n := O1,n+O2,n+ · · ·+Om,n of zero in the group Xn. By induction it can be shown that −Um,n = Um,n ⊂
Um+1,n ⊂ O0,n for all m ∈ ω. Let Uω,n :=
⋃
m∈ω Um,n ⊂ O0,n.
Fix a Haar measure λn in the locally compact group Xn. Being Abelian, the locally compact group Xn is
amenable. So, we can apply the Følner Theorem [39, 4.13] and find a compact set Λn = −Λn ⊂ X such that
λn
(
(Λn+Kn+Uω,n)\Λn
)
< 12nλn(Λn). Multiplying the Haar measure λn by a suitable positive constant, we can
assume that the set Ωn := Λn+Kn+Uω,n has measure λn(Ωn) = 1. Then
1
2nλn(Λn) < λn(Ωn−Λn) = 1−λn(Λn)
implies λn(Λn) >
2n
2n+1 .
Now consider the probability measure µn on Xn defined by µn(B) = λn(B ∩Ωn) for any Borel subset of X .
If follows from Ωn = −Ωn that µn = −µn.
Let µ := ⊗n∈ωµn ∈ P (X) be the product measure of the probability measures µn. It is clear that µ = −µ
and µ has compact support contained in the compact subset
∏
n∈ω Ω¯n of X . We claim that the measure µ is
K-shiftable and coherent.
Claim 7.17. The measure µ is K-shiftable.
Proof. For every k ∈ ω consider the setMk :=
∏
n<k(Λn+Kn+Uk,n)×
∏
n≥k Λn. We claim that limk→∞Mk =
1. Indeed, for every ε > 0 we can find m ∈ N such that
∏
n≥m
2n
2n+1 > 1 − ε and then for any n < m by the
σ-additivity of the Haar measure λn, find in > m such that λn(Λn +Kn + Uin,n) > (1 − ε)
1/m. Then for any
k ≥ max
n<m
in > m, we obtain the lower bound
µ(Mk) =
∏
n<k
λn(Λn +Kn + Uk,n) ·
∏
n≥k
λn(Λn)
≥
∏
n<k
λn(Λn +Kn + Uk,n) ·
∏
n≥m
λn(Λn)
>
∏
n<m
(1− ε)
1
m ·
∏
n≥m
2n
2n+1 > (1− ε)
2.
Now take any µ-positive compact set B ⊂ X . Since limk→∞Mk = 1, there exists k ∈ ω such that
µ(B ∩Mk) > 0. Consider the neighborhood U :=
∏
n<mOk+1,n ×
∏
n≥mXn of θ in X , and observe that for
any x ∈ U ∩ K, we have Mk + x ⊂
∏
n∈ω Ωn and hence µ(B + x) ≥ µ((B ∩Mk) + x) = µ(B ∩Mk) by the
definition of the measure µ. 
In the following claim we prove that the measure µ = −µ is coherent.
Claim 7.18. For any µ-positive compact sets A,B ⊂ X there are points a, b ∈ X such that µ((A+a)∩(B+b)) >
0.
Proof. We lose no generality assuming that the sets A,B are contained in
∏
n∈ω Ωn. By the regularity of the
measure µ, there exists a neighborhood U ⊂ X of θ such that µ(A + U) < 65µ(A) and µ(B + U) <
6
5µ(B).
Replacing U by a smaller neighborhood, we can assume that U is of the basic form U = V +X≥n for some
n ∈ ω and some open set V ⊂ X<n. Consider the tensor product λ = λ′ ⊗ µ′ of the measures λ′ = ⊗k<nλk
and µ′ := ⊗k≥nµn on the subgroups X<n and X≥n of X , respectively. It follows from A ∪ B ⊂
∏
n∈ω Ωn
that λ(A) = µ(A) and λ(B) = µ(B). Observe also that the measure λ is X<n-invariant in the sense that
λ(C) = λ(C + x) for any Borel set C ⊂ X and any x ∈ X<n.
For every y ∈ X≥n let Ay = {x ∈ X<n : x+ y ∈ A} be the yth section of the set A. By the Fubini Theorem,
λ(A) =
∫
µ′
λ′(Ay)dy. Consider the projection A
′ of A ontoX<n. Taking into account that Ay ⊂ A′ ⊂
∏
k<n Ωk,
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we conclude that
λ′(Ay) ≤ λ
′(A′) = µ(A′ +X≥n) = µ(A+X≤n) ≤ µ(A+ U) <
6
5µ(A)
and hence 0 < 56λ
′(A′) < µ(A).
Consider the set
LA :=
{
y ∈
∏
k≥n
Ωk : λ
′(Ay) >
1
3λ
′(A′)
}
.
By the Fubini Theorem,
5
6λ
′(A′) < µ(A) = λ(A) =
∫
µ′
λ′(Ay)dy ≤ µ
′(LA) · λ
′(A′) + 13λ
′(A′) ·
(
1− µ′(LA)
)
and hence µ′(LA) >
3
4 .
By analogy, for the set B consider the projection B′ of B onto X<n and for every y ∈ B′ consider the
yth section By := {x ∈ X<n : x + y ∈ B} of B. Repeating the above argument we can show that the set
LB := {y ∈
∏
k≥n Ωk : µ
′(Bx) >
1
3λ
′(B′)} has measure µ′(LB) >
3
4 . Then µ
′(LA ∩ LB) >
1
2 .
Now we are ready to find s ∈ X<n such that A ∩ (B + s) 6= ∅. Observe that a point z ∈ X belongs to
A ∩ (B + s) is and only if χA(z) · χB+s(z) > 0, where χA and χB+s denote the characteristic functions of the
sets A and B + s in X .
So, it suffices to show that the function χA · χB+s has a non-zero value. For this write z as a pair (x, y) ∈
X<n ×X≥n and for every s ∈ X<n consider the function
g(s) :=
∫
λ
χA(z) · χB+s(z)dz =
∫
λ′
∫
µ′
χA(x, y) · χB+s(x, y) dy dx
and its integral, transformed with help of Fubini’s Theorem:∫
λ′
g(s) ds =
∫
λ′
∫
µ′
∫
λ′
χA(x, y) · χB+s(x, y) dx dy ds
=
∫
µ′
∫
λ′
∫
λ′
χA(x, y) · χB(x− s, y) ds dx dy
=
∫
µ′
∫
λ′
χA(x, y)
∫
λ′
χB(x− s, y) ds dx dy
=
∫
µ′
∫
λ′
χA(x, y)λ
′(By) dx dy =
∫
µ′
λ′(By)
∫
λ′
χA(x, y) dx dy
=
∫
µ′
λ′(By) · λ
′(Ay) dy >
1
9
λ′(A′) · λ′(B′) · µ′(LA ∩ LB) > 0.
Now we see that g(s) > 0 for some s ∈ X<n and hence A ∩ (B + s) 6= ∅. 

Theorem 7.12 rises two open problems.
Problem 7.19. Let A,B be Borel subsets of a (reflexive) Banach space X such that A,B are not Haar-null
in X. Is the set A+B (or at least A+A) Haar-open in X?
Problem 7.20. Let A,B be Borel subsets of a Polish group X such that A,B are not Haar-meager in X. Is
the set A+B (or at least A+A) Haar-open in X?
8. An example of a “large” Borel subgroup in Zω
In the following example by Z we denote the group of integer numbers endowed with the discrete topology.
Example 8.1. The Polish group Zω contains a meager Borel subgroup H, which does not belong to the ideal
σHM in Zω. Consequently, the σ-ideals σHM and σHN on Zω does not have the weak Steinhaus property.
Proof. The Borel group H will be defined as the group hull of some special Gδ-set P ⊂ Zω. In the construction
of this set P we shall use the following lemma.
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Lemma 8.2. There exists an infinite family T of thick subsets of Z and an increasing number sequence
(Ξm)m∈ω such that for any positive numbers n ≤ m, non-zero integer numbers λ1, . . . , λn ∈ [−m,m], pairwise
distinct sets T1, . . . , Tn ∈ T and points xi ∈ Ti, i ≤ n, such that {x1, . . . , xn} 6⊂ [−Ξm,Ξm] the sum λ1x1 +
· · ·+ λnxn is not equal to zero.
Proof. For every m ∈ ω let ξm ∈ ω be the smallest number such that
22
x
− x > m2(22
x−1
+ x)
for all x ≥ ξm, and put Ξm = 22
ξm
+ ξm. Choose an infinite family A of pairwise disjoint infinite subsets of N
and for every A ∈ A consider the thick subset
TA :=
⋃
a∈A
[22
a
− a, 22
a
+ a]
of Z. Here by [a, b] we denote the segment {a, . . . , b} of integers. Taking into account that the families
([22
n
− n, 22
n
+ n])∞n=1 and A are disjoint, we conclude that so is the family (TA)A∈A.
We claim that the disjoint family T = {TA}A∈A and the sequence (Ξm)m∈ω have the required property.
Take any positive numbers n ≤ m, non-zero integer numbers λ1, . . . , λn ∈ [−m,m], pairwise distinct sets
T1, . . . , Tn ∈ T and points x1 ∈ T1, . . . , xn ∈ Tn such that {x1, . . . , xn} 6⊂ [−Ξm,Ξm]. For every i ≤ n find an
integer number ai such that xi = 2
2ai + εi for some εi ∈ [−ai, ai]. Since the family A is disjoint and the sets
T1, . . . , Tn are pairwise distinct, the points a1, . . . , an are pairwise distinct, too. Let j be the unique number
such that aj = max{ai : 1 ≤ i ≤ n}. Taking into account that {x1, . . . , xn} 6⊂ [0,Ξm] = [0, 22
ξm
+ ξm], we
conclude that 22
aj
+ aj ≥ 22
aj
+ εj = xj > 2
2ξm + ξm and hence aj > ξm. The definition of the number ξm
guarantees that 22
aj
− aj > m2(22
aj−1
+ aj) and hence
|λjxj | ≥ xj = 2
2aj + εj ≥ 2
2aj − aj > m
2(22
aj−1
+ aj) >
∑
i6=j
|λi|(2
2ai + ai) ≥ |
∑
i6=j
λixi|,
and hence
∑n
i=1 λixi 6= 0. 
Now we are ready to start the construction of the Gδ-set P ⊂ Zω . This construction will be done by
induction on the tree ω<ω =
⋃
n∈ω ω
n consisting of finite sequences s = (s0, . . . , sn−1) ∈ ωn of finite ordinals.
For a sequence s = (s0, . . . , sn−1) ∈ ωn and a number m ∈ ω by sˆ m = (s0, . . . , sn−1,m) ∈ ωn+1 we denote the
concatenation of s and m.
For an infinite sequence s = (sn)n∈ω ∈ Zω and a natural number l ∈ ω let s|l = (s0, . . . , sl−1) be the
restriction of the function s : ω → Z to the subset l = {0, . . . , l − 1}. Observe that the topology of the Polish
group Zω is generated by the ultrametric
ρ(x, y) = inf{2−n : n ∈ ω, x|n = y|n}, x, y ∈ Zω.
Observe also that for every z ∈ Zω and n ∈ ω the set U(z|n) = {x ∈ Zω : x|n = z|n} coincides with the closed
ball B¯(z; 2−n) = {x ∈ Zω : ρ(x, z) ≤ 2−n} centered at z.
Using Lemma 8.2, choose a number sequence (Ξm)m∈ω and a sequence (Ts)s∈ω<ω of thick sets in the discrete
group Z such that for every positive integer numbers n ≤ m, finite set F ⊂ ω<ω of cardinality |F | ≤ n, function
λ : F → [−m,m] \ {0}, and numbers zs ∈ Ts, s ∈ F , such that {zs}s∈F 6⊂ [−Ξm,Ξm] the sum
∑
s∈F λ(s) · zs
is not equal to zero.
For every s ∈ ω<ω and n ∈ ω choose any point ts,n ∈ Ts \ [−n, n] and observe that the set Ts,n =
Ts \ ({ts,n} ∪ [−n, n]) remains thick in Z.
By induction on the tree ω<ω we shall construct a sequence (zs)s∈ω<ω of points of Z
ω and a sequence
(ls)s∈ω<ω of finite ordinals satisfying the following conditions for every s ∈ ω
<ω:
(1s) U(zsˆ i|lsˆ i) ∩ U(zsˆ j |lsˆ j) = ∅ for any distinct numbers i, j ∈ ω;
(2s) lsˆ i > ls + i for every i ∈ ω;
(3s) the closure of the set {zsˆ i}i∈ω contains the Haar-open set Ts = {zs|ls} ×
∏
n≥ls
Ts,n and is contained
in the set Tˆs = {zs|ls} ×
∏
n≥ls
(Ts,n ∪ {ts,n}) ⊂ U(zs|ls).
We start the inductive construction letting z0 = 0 and l0 = 0. Assume that for some s ∈ ω<ω a point zs ∈ Zω
and a number ls ∈ ω have been constructed. Consider the Haar-open sets Ts and Tˆs defined in the condition
(3s). Since Ts is nowhere dense in Tˆs, we can find a sequence (zsˆ i)i∈ω of pairwise distinct points of Tˆs such
that the space Ds = {zsˆ i}i∈ω is discrete and contains Ts in its closure. Since Ds is discrete, for every i ∈ ω we
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can choose a number lsˆ i > ls + i such that the open sets U(zsˆ i|lsˆ i), i ∈ ω, are pairwise disjoint. Observing
that the sequences (zsˆ i)i∈ω and (lsˆ i)i∈ω satisfy the conditions (1s)–(3s), we complete the inductive step.
We claim that the Gδ-subset P =
⋂
n∈ω
⋃
s∈ωn U(zs|ls) =
⋃
s∈ωω
⋂
n∈ω U(zs|n|ls|n) of Z
ω has required
properties. First observe that the map h : ωω → P assigning to each infinite sequence s ∈ ωω the unique point
zs of the intersection
⋂
n∈ω U(zs|n|ls|n) is a homeomorphism of ω
ω onto P . Then the inverse map h−1 : P → ωω
is a homeomorphism too.
Claim 8.3. For every nonempty open subset U ⊂ P its closure U in Zω is Haar-open in Zω.
Proof. Pick any point p ∈ U and find a unique infinite sequence t ∈ ωω such that {p} =
⋂
m∈ω U(zt|m|lt|m).
Since the family {U(zt|m|lt|m)}m∈ω is a neighborhood base at p, there is m ∈ ω such that U(zt|m|lt|m) ⊂ U .
Consider the finite sequence s = t|m. By the definition of P , for every i ∈ ω the intersection P ∩ U(zsˆ i|lsˆ i)
contains some point ysˆ i. Taking into account that
ρ(zsˆ i, ysˆ i) ≤ diam U(zsˆ i|lsˆ i) ≤ 2
−lsˆ i ≤ 2−i
and Ts is contained in the closure of the set {zsˆ i}i∈ω, we conclude that the Haar-open set Ts is contained in
the closure of the set {ysˆ i}i∈ω ⊂ P ∩ U(zs|ls) ⊂ U , which implies that U is Haar-open. 
Claim 8.4. The subgroup H ⊂ Zω generated by P cannot be covered by countably many closed Haar-meager
sets in Zω.
Proof. To derive a contradiction, assume that H ⊂
⋃
n∈ωHn where each set Hn is closed and Haar-meager in
Z
ω . Since the Polish space P =
⋃
n∈ω P ∩ Hn is Baire, for some n ∈ ω the set P ∩ Hn contains a nonempty
open subset U of P . Taking into account that closure Un ⊂ Hn is Haar-open in Zω, we conclude that the set
Hn is Haar-open and not Haar-meager (according to Theorem 7.5). 
It remains to prove that the subgroup H ⊂ Zω generated by the Gδ-set P is Borel and meager in Zω.
We recall that by h : ωω → P we denote the homeomorphism assigning to each infinite sequence s ∈ ωω the
unique point zs of the intersection
⋂
m∈ω U(zs|m|ls|m).
For every finite subset F ⊂ ω<ω let lF := maxs∈F ls. For a finite subset E ⊂ ωω let rE ∈ ω be the smallest
number such that the restriction map E → ωrE , s 7→ s|rE , is injective. Let lE := max{ls|rE : s ∈ E}. Taking
into account that ls|m ≥ m for every s ∈ ω
ω and m ∈ ω, we conclude that lE ≥ rE .
Claim 8.5. For every m ∈ N, nonempty finite set E ⊂ ωω of cardinality |E| ≤ m and function λ : E →
[−m,m] \ {0} we get ∑
s∈E
λ(s) · zs ∈
{
y ∈ Zω : ∀k > max{lE,Ξm} y(k) 6= 0
}
.
Proof. Given any number k > max{lE ,Ξm}, consider the projection prk : Z
ω → Z, prk : x 7→ x(k), to
the k-th coordinate. The claim will be proved as soon as we check that the element y =
∑
s∈E λ(s) · zs
has non-zero projection prk(y). Observe that prk(y) =
∑
s∈F λ(s) · prk(zs). For every s ∈ F the equality
{zs} =
⋂
m∈ω U(zs|m|ls|m) implies that prk(zs) = prk(zs|m) for any m ∈ ω such that ls|m > k.
Taking into account that k > lE = maxs∈E ls|rE , for every s ∈ E we can find a number ms ≥ rE such that
k ∈ [ls|ms , ls|(ms+1)). Then
prk(zs)=prk(zs|(ms+1)|ls|(ms+1)) ∈ Ts|ms,k ∪ {ts|ms,k} ⊂ Ts|ms \ [−k, k] ⊂ Ts|ms \ [−Ξm,Ξm]
by the condition (3s|ms) of the inductive construction.
It follows from rE ≤ mins∈F ms that the sequences s|ms, s ∈ E, are pairwise distinct. Then prk(y) =∑
s∈E λ(s)prk(zs) 6= 0 by the choice of the family (Ts)s∈ω<ω . 
For every n ∈ ω and a finite sequence s ∈ ωn consider the basic clopen subset Vs = {v ∈ ωω : v|n = s} in
ωω and observe that h(Vs) = P ∩ U(zs|ls). For any nonempty finite set F ⊂ ωn put
VF =
∏
s∈F
Vs.
Given any function λ : F → Z \ {0} we shall prove that the function
Σλ : VF → H, Σλ : v 7→
∑
s∈F
λ(s) · zv(s),
is injective. Let ‖λ‖ = maxs∈F |λ(s)|.
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Claim 8.6. The function Σλ : VF → H is injective.
Proof. Choose any distinct sequences u, v ∈ VF and consider the nonempty finite setD := {s ∈ F : u(s) 6= v(s)}
and the finite set E = {u(s)}s∈D ∪ {v(s)}s∈D ⊂ ωω. Put m = max{|E|, ‖λ‖} and k = 1 + max{lE ,Ξm}.
Claim 8.5 guarantees that the element
y = Σλ(u)− Σλ(v) =
∑
s∈D
λ(s)zu(s) −
∑
s∈D
λ(s)zv(s)
has y(k) 6= 0, which implies that y 6= 0 and Σλ(u) 6= Σλ(v). 
Claim 8.5 implies
Claim 8.7. The set Σλ(VF ) ⊂ {y ∈ Zω : ∃m ∈ ω ∀k ≥ m y(k) 6= 0} is Borel and meager in Zω.
Proof. By Lusin-Suslin Theorem [31, 15.1], the image Σλ(VF ) of the Polish space VF under the continuous
injective map Σλ : VF → Zω is a Borel subset of Zω. By Claim 8.5, the set Σλ(VF ) is contained in the meager
subset {y ∈ Zω : ∃n ∀m ≥ n y(m) 6= 0} and hence is meager in Zω . 
Denote by [ω<ω]<ω the family of finite subsets of ω<ω and let Z∗ = Z \ {0}. For the empty set F = ∅ and
the unique map λ ∈ (Z∗)F we put Σλ(VF ) = {0}. Claim 8.7 and the obvious equality
H =
⋃
n∈ω
⋃
F∈[ωn]<ω
⋃
λ∈(Z∗)F
Σλ(VF )
imply that the subgroup H is Borel and is contained in the meager subset
{0} ∪
⋃
m∈ω
{z ∈ Zω : ∀k ≥ m z(k) 6= 0}
of Zω. 
Problem 8.8. What is the Borel complexity of the subgroup H in Example 8.1?
Remark 8.9. Example 8.1 shows that Corollary 3.7 does not extend to arbitrary Polish groups.
9. Haar-thin sets in topological groups
In this section we introduce thin sets in the Cantor cube, define a new notion of a Haar-thin set in a
topological group, and prove that for any Polish group the semi-ideal of Haar-thin sets has the Steinhaus
property.
Definition 9.1. A subset T of the Cantor cube 2ω is called thin if for every number n ∈ ω the restriction pr|T
of the projection pr : 2ω → 2ω\{n}, pr : x 7→ x|ω \ {n}, is injective.
The family of thin subsets of 2ω is a semi-ideal containing all singletons, however it is not an ideal as it does
not contain all two element sets.
Example 9.2. The closed uncountable subset
T = {x ∈ 2ω : ∀n ∈ ω x(2n) + x(2n+ 1) = 1}
of 2ω is thin.
Proposition 9.3. Each thin Borel subset of the Cantor cube is meager and has Haar measure zero.
Proof. Identify the Cantor cube 2ω with the countable power Cω2 of the two-element cyclic group. For every
n ∈ ω let zn ∈ 2
ω be the characteristic function of the singleton {n} (i.e., the unique function such that
z−1n (1) = {n}). Observe that the sequence (zn)n∈ω converges to the neutral element of the group 2
ω.
Let T be a Borel thin subset of 2ω. Definition 9.1 implies that the set T − T = {x− y : x, y ∈ T } is disjoint
with the set {zn : n ∈ ω} and hence is not a neighborhood of zero in the topological group 2ω. By the Steinhaus
and Piccard-Pettis Theorems 3.3 and 3.4, the Borel set T is meager and has Haar measure zero in 2ω. 
Definition 9.4. A subset A of a topological groupX is called (injectively) Haar-thin if there exists an (injective)
continuous map f : 2ω → X such that for every x ∈ X the preimage f−1(A+ x) is thin in 2ω.
For a topological group X by HT (resp. EHT ) we denote the semi-ideal consisting of subsets of Borel
(injectively) Haar-thin sets in X .
Proposition 9.3 implies the following corollary.
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Corollary 9.5. Each (injectively) Haar-thin Borel subset of a Polish group is Haar-null and (injectively)
Haar-meager. Moreover, for any Polish group we have the inclusions
HT = EHT ⊂ HN ∩ EHM ⊂ EHM ⊂ SHM ⊂ HM⊂M.
The equality HT = EHT is proved in the following characterization of (injectively) Haar-thin sets.
Theorem 9.6. For a subset A of a Polish group X the following conditions are equivalent:
1) A is Haar-thin;
2) A is injectively Haar-thin;
3) A−A is not a neighborhood of zero in X.
Proof. We shall prove the implications (1)⇒ (3)⇒ (2)⇒ (1).
(1) ⇒ (3) Assume that the set A is Haar-thin in X . Then there exists a continuous map f : 2ω → X such
that for every x ∈ X the set f−1(A+ x) is thin in 2ω.
To derive a contradiction, assume that A−A is a neighborhood of zero in X . For every n ∈ ω consider the
characteristic function zn ∈ 2ω of the singleton {n} (which means that z−1n (1) = {n}) and observe that the
sequence (zn)n∈ω converges to the zero function zω : ω → {0} ⊂ 2. Since f(zω) +A −A is a neighborhood of
f(zω), there exists n ∈ ω such that f(zn) ∈ f(zω) +A−A and hence f(zn)− f(zω) = b− a for some elements
a, b ∈ A. It follows that {f(zn), f(zω)} ⊂ f(zω) − a + A and hence {zn, zω} ⊂ f−1(f(zω) − a + A), which
implies that the set f−1(f(zω)− a+A) is not thin in 2ω. But this contradicts the choice of f .
(3)⇒ (2) Assuming that A−A is not a neighborhood of zero in X , we shall prove that the set A is injectively
Haar-thin in X .
Fix a complete metric ρ generating the topology of the Polish groupX and for every x ∈ X put ‖x‖ = ρ(x, θ).
By induction choose a sequence (xn)n∈ω of points xn ∈ X \ (A−A) such that ‖xn+1‖ <
1
2‖xn‖ for every n ∈ ω.
The latter condition implies that the map
Σ : 2ω → X, Σ : a 7→
∑
n∈a−1(1)
xn,
is well-defined, continuous and injective. We claim that for every x ∈ X the set T = Σ−1(A + x) is thin.
Assuming that T is not thin, we could find a number n ∈ ω and two points a, b ∈ T such that a(n) = 0,
b(n) = 1 and a|ω \ {n} = b|ω \ {n}. Then
xn = Σ(b)− Σ(a) ∈ (A+ x)− (A+ x) = A−A,
which contradicts the choice of xn.
The implication (2)⇒ (1) is trivial. 
Proposition 9.3 and Theorem 9.6 imply
Corollary 9.7. For any Polish group the semi-ideals HT = EHT , EHM, SHM, HM, HN , M have the
Steinhaus property.
10. Null-finite, Haar-finite, and Haar-countable sets
In this section we introduce and study six new notions of smallness.
In the following definition we endow the ordinal ω+1 with the order topology, turning ω+1 into a compact
metrizable space with a unique non-isolated point.
Definition 10.1. A subset A of a Polish group X is called
• Haar-finite if there exists a continuous function f : 2ω → X such that for every x ∈ X the set f−1(x+A)
is finite;
• Haar-scattered if there exists a continuous function f : 2ω → X such that for every x ∈ X the subspace
f−1(x+A) of 2ω is scattered (i.e., each its nonempty subspace has an isolated point);
• Haar-countable if there exists a continuous function f : 2ω → X such that for every x ∈ X the set
f−1(x+A) is countable;
• Haar-n for n ∈ N if there exists a continuous function f : 2ω → X such that for every x ∈ X the set
f−1(x+A) has cardinality at most n;
• null-finite if there exists a continuous function f : ω+1 → X such that for every x ∈ X the set
f−1(x+A) is finite;
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• null-n for n ∈ N if there exists a continuous function f : ω+1 → X such that for every x ∈ X the
preimage f−1(x +A) has cardinality at most n.
Null-finite sets were introduced and studied in [4], Haar-finite and Haar-n sets in the real line were explored
by Kwela [32].
A sequence (xn)n∈ω in a topological group X is called a null-sequence if it converges to the neutral element
of X . The following characterization of null-finite and null-n sets (proved in [4, Proposition 2.2]) justifies the
choice of terminology.
Proposition 10.2. A subset A of a topological group X is null-finite (resp. null-n for some n ∈ N) if and
only if X contains a null-sequence (zk)k∈ω such that for every x ∈ X the set {k ∈ ω : zk ∈ x + A} is finite
(resp. has cardinality at most n).
For any Borel subset of a Polish group we have the following implications:
Haar-1

+3 Haar-n

+3 Haar-finite

+3 Haar-scattered +3 Haar-countable

Gδ
jj
null-1 +3
'
❍❍
❍❍
❍❍
❍❍
❍❍
❍
❍
❍
❍
null-n +3 null-finite +3 Haar-null andinjectively Haar-meager.
Haar-thin
closed
99sssssssssss
Non-trivial implications in this diagram are proved in Theorem 10.3, Propositions 10.4, 10.6 and Corol-
lary 10.9.
Theorem 10.3. Each Borel null-finite subset A in a Polish group X is Haar-null and injectively Haar-meager.
Proof. By Theorems 6.1 and 5.1 in [4], each Borel null-finite subset of X is Haar-null and Haar-meager. By a
suitable modification of the proof of Theorem 5.1 in [4], we shall prove that each null-finite Borel set in X is
injectively Haar-meager. By Proposition 10.2, the Polish group X contains a null-sequence (zn)n∈ω such that
for any x ∈ X the set {n ∈ ω : zn ∈ x+A} is finite. Fix a complete invariant metric ρ generating the topology
of the Polish group X and put ‖x‖ = ρ(x, θ) for every x ∈ X .
Replacing (zn)n∈ω by a suitable subsequence, we can assume that
1
2n
> ‖zn‖ >
∞∑
i=n+1
‖zi‖
for every n ∈ ω.
Fix a sequence (Ωn)n∈ω of pairwise disjoint infinite subsets of ω such that Ωn ⊂ [n,∞) for all n ∈ ω.
For every n ∈ ω consider the compact set Sk := {θ} ∪ {zn}n∈Ωk ⊂ X . The choice of the sequence (zn)n∈ω
ensures that the function
Σ :
∏
n∈ω
Sn → X, Σ : (xn)n∈ω 7→
∑
n∈ω
xn,
is well-defined and continuous. Repeating the argument from the proof of Theorem 5.1 [4], we can show that
for every x ∈ X the set Σ−1(x +A) is meager in
∏
n∈ω Sn.
We claim that the function Σ is injective. Given two distinct sequences (xi)i∈ω and (yi)i∈ω in
∏
i∈ω Si,
we should prove that
∑
i∈ω xi 6=
∑
i∈ω yi. For every i ∈ ω find numbers ni,mi ∈ Ωi such that xi = zni and
yi = zmi . Let Λ = {i ∈ ω : ni 6= mi} and observe that
∑
k∈ω xk 6=
∑
k∈ω yk if and only if
∑
i∈Λ zni 6=
∑
i∈Λ zmi.
It follows that the sets {ni : i ∈ Λ} and {mi : i ∈ Λ} are disjoint. Let s be the smallest element of the set
{ni : i ∈ Λ} ∪ {mi : i ∈ Λ}. Without loss of generality, we can assume that s = nk for some k ∈ Λ. Then∥∥∥∑
i∈Λ
zni −
∑
i∈Λ
zmi
∥∥∥ ≥ ‖znk‖ − ∑
i∈Λ\{k}
‖zni‖ −
∑
i∈Λ
‖zmi‖ ≥ ‖zs‖ −
∞∑
i=s+1
‖zi‖ > 0,
which implies
∑
i∈Λ zni 6=
∑
i∈Λ zmi and
∑
n∈ω xn 6=
∑
n∈ω yn.
The product
∏
n∈ω Sn is homeomorphic to the Cantor cube 2
ω (being a zero-dimensional compact metrizable
space without isolated points). Then the injective continuous function Σ :
∏
n∈ω Sn → X witnesses that the
set A is injectively Haar-meager and hence A ∈ EHM. 
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We recall that a topological space X is scattered if each nonempty subspace of X has an isolated point. Each
second-countable scattered space is countable (being hereditarily Lindelo¨f). On the other hand, the space of
rational numbers is countable but not scattered. The Baire Theorem implies that a Polish space is scattered
if and only if it is countable. This fact implies the following characterization.
Proposition 10.4. A Gδ-subset A of a Polish group X is Haar-countable if and only if it is Haar-scattered.
Remark 10.5. In Example 20.9 we shall construct an Fσ-subset M of the Banach space X := C[0, 1] such
that M is Haar-countable but not Haar-scattered in X .
Proposition 10.6. If a subset A of a topological group X is null-1, then A−A is not a neighborhood of zero
and hence A is Haar-thin in X.
Proof. To derive a contradiction, assume that A − A is a neighborhood of zero in X . Since A is null-1, there
exists an infinite compact subset K ⊂ X such that |K ∩ (A+x)| ≤ 1 for every x ∈ X . Choose any non-isolated
point x of the compact space K. Since Ox := x + (A − A) is a neighborhood of x, we can choose a point
y ∈ K ∩Ox \ {x} and conclude that y− x = b− a for some a, b ∈ A. Then {x, y} ⊂ K ∩ (A− a+ x) and hence
|K ∩ (A− a+ x)| ≥ 2, which contradicts the choice of the compact set K.
This contradiction shows that A−A is not a neighborhood of zero. By Theorem 9.6, the set A is Haar-thin
in X . 
Moreover, for the semi-ideals of null-finite and null-1 sets we have the following Steinhaus-like properties
(cf. [4, 3.1]).
Theorem 10.7. Let A be a subset of a topological group X.
1) If A is not null-finite, then A− A¯ is a neighborhood of zero in X.
2) If X is first-countable and A is not null-1, then each neighborhood U ⊂ X of zero contains a finite set
F ⊂ X such that F + (A−A) is a neighborhood of zero.
Proof. 1. Assuming that A is not null-finite, we shall show that A − A¯ is a neighborhood of zero. In the
opposite case, we could find a null-sequence (xn)n∈ω contained in X \ (A− A¯). Since A is not null-finite, there
exists a ∈ X such that the set Ω = {n ∈ ω : a + xn ∈ A} is infinite. Then a ∈ {a+ xn}n∈Ω ⊂ A¯ and hence
xn = (a+ xn)− a ∈ A− A¯ for all n ∈ Ω, which contradicts the choice of the sequence (xn)n∈ω .
2. Assume that X is first-countable and A is not null-1. Fix a decreasing neighborhood base (Un)n∈ω at
zero in X such that U0 ⊂ U . For the proof by contradiction, suppose that for any finite set F ⊂ U the set
F+(A−A) is not a neighborhood of zero. Then we can inductively construct a null-sequence (xn)n∈ω such that
xn ∈ Un \
⋃
0≤i<n(xi+A−A) for all n ∈ ω. Observe that for each z ∈ X the set {n ∈ ω : z+xn ∈ A} contains
at most one point. Indeed, in the opposite case we could find two numbers k < n with z + xk, z + xn ∈ A and
conclude that z ∈ −xk +A and hence xn ∈ −z +A ⊂ xk −A+A, which contradicts the choice of the number
xn. The sequence (xn)n∈ω witnesses that the set A is null-1 in X , which is a desired contradiction. 
Theorem 10.7 suggests the following open problem.
Problem 10.8. Assume that a Borel subset A of a (locally compact) Polish group X is not null-finite. Is
A−A a neighborhood of zero in X?
Theorems 10.7 and 9.6 imply:
Corollary 10.9. Each closed Haar-thin set in a Polish group is null-finite.
Problem 10.10. Is each closed Haar-thin subset of a Polish group Haar-finite?
Example 10.11. The Polish group Rω contains a closed subset F , which is Haar-2 but not Haar-thin.
Proof. In the hyperspace K(Rω) consider the closed subset
K = {K ∈ K(Rω) : |K| ≤ 2}.
By Theorem 6.1, there exists a closed subset F ⊂ Rω such that
(1) for every K ∈ K there exists d ∈ Rω such that K + d ⊂ F ;
(2) for any x ∈ Rω the intersection [0, 1]ω ∩ (F + x) is contained in K + d for some K ∈ K and d ∈ Rω.
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To see that F is Haar-2, take any injective continuous map f : 2ω → [0, 1]ω ⊂ Rω and observe that the
condition (2) ensures that for any x ∈ Rω the intersection f(2ω) ∩ (F + x) ⊂ [0, 1]ω ∩ (F + x) has cardinality
≤ 2. By the injectivity of f , the preimage f−1(F + x) also has cardinality ≤ 2, witnessing that F is Haar-2.
Next, we show that the set F is not Haar-thin. To derive a contradiction, assume that F is Haar-thin and
find a continuous map g : 2ω → Rω such that for every x ∈ Rω the preimage g−1(F + x) is thin in 2ω. Choose
any doubleton D ⊂ 2ω, which is not thin and consider the set K = g(D) ∈ K. By the condition (1), there
exists d ∈ Rω such that K ⊂ F + d. Then the set g−1(F + d) ⊃ g−1(K) ⊃ D is not thin, which contradicts the
choice of the function g. 
Remark 10.12. By Example 17.3 and Theorem 9.6, the closed subset (C∗3 )
ω of the compact Polish group Cω3
is Haar-2 but not Haar-thin.
Example 10.13. The Polish group Rω contains a closed subset F , which is null-1 but not Haar-countable.
Proof. Fix any sequence (zn)n∈ω of pairwise distinct points of the set (0, 1]
ω ⊂ Rω that converges to the point
zω = θ ∈ Rω.
In the hyperspace K(Rω) consider the Gδ-subset
K =
⋂
n6=m
{
K ∈ K(Rω) : (K − zn) ∩ (K − zm) = ∅
}
,
where n,m ∈ ω ∪ {ω}. By Theorem 6.1, there exists a closed subset F ⊂ Rω such that
(1) for every K ∈ K there exists d ∈ Rω such that K + d ⊂ F ;
(2) for any x ∈ Rω the intersection (x + [0, 1]ω) ∩ F is contained in K + d for some K ∈ K and d ∈ Rω.
We claim that the infinite compact set S = {θ} ∪ {zn}n∈ω witnesses that the set F is null-1. Assuming the
opposite, we could find x ∈ Rω such that (x + S) ∩ F contains two distinct points x + zn and x + zm with
n,m ∈ ω ∪ {ω}. By the condition (2), the intersection (x+ S) ∩ F ⊂ (x+ [0, 1]ω) ∩ F is contained in the sum
K + d for some K ∈ K and some d ∈ Rω. It follows that {x+ zn, x+ zm} ⊂ (x + S) ∩ F ⊂ K + d and hence
x− d ∈ (K − zn) ∩ (K − zm), which contradicts K ∈ K. This contradiction shows that the set F is null-1.
Now we show that F is not Haar-countable. Assuming that F is Haar-countable, we can find a continuous
map f : 2ω → Rω such that for every x ∈ Rω the set f−1(x + F ) is at most countable. It follows that for
any y ∈ Rω the preimage f−1(y) is at most countable, which implies that the compact set C = f(2ω) has no
isolated points.
Observe that for any distinct ordinals n,m ∈ ω ∪ {ω} the set
Un,m = {K ∈ K(C) : (K − zn) ∩ (K − zm) = ∅}
is open and dense in the hyperspace K(C) of the compact space C. Then the intersection U =
⋂
n6=m Un,m is a
dense Gδ-set in K(C) and hence U contains an uncountable set K ∈ U . By the definitions of U and K, the set
K belongs to the family K and by the condition (1), x+K ⊂ F for some x ∈ Rω . Then f−1(F −x) ⊃ f−1(K)
is uncountable, which contradicts the choice of f . 
Problem 10.14. Let A be a null-finite compact subset of a Polish group X. Is A Haar-countable (Haar-finite)?
Remark 10.15. By Example 17.5, there exists compact Polish group X containing a Haar-thin null-finite
Gδ-subset B ⊂ X such that B is not Haar-countable and not null-n for every n ∈ N.
Remark 10.16. In [32] Kwela constructed two Haar-finite compact subsets A,B ⊂ R whose union A ∪ B is
not null-finite in the real line. Kwela also constructed an example of a compact subset of the real line, which
is Haar-finite but not Haar-n for every n ∈ N.
11. Haar-I sets in topological groups
In this section we introduce the notion of a Haar-I set which generalizes the notions of small sets, considered
in the preceding sections.
Definition 11.1. Let I be a semi-ideal of subsets of some nonempty topological space K =
⋃
I. A subset A
of a topological group X is called (injectively) Haar-I if there exists an (injective) continuous map f : K → X
such that f−1(A+ x) ∈ I for all x ∈ X .
For a Polish group X by HI (resp. EHI) we denote the semi-ideal consisting of subsets of (injectively)
Haar-I Borel sets in X . Definition 11.1 implies the following simple but important fact.
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Proposition 11.2. Let I be a semi-ideal on a compact space K. For any Polish group X the semi-ideals HI
and EHI are invariant.
Theorem 11.3. Let I be a proper semi-ideal on a compact space K. For any non-locally compact Polish group
X the semi-ideal HI does not have the strong Steinhaus property.
Proof. By Proposition 7.10, the group X contains two Borel thick sets A,B ⊂ X whose sum A+B has empty
interior. We claim that A,B /∈ HI. Indeed, since A is thick, for any continuous map f : K → X there is a
point x ∈ X such that x + f(K) ⊂ A. Then f−1(A − x) = K /∈ I and hence A is not Haar-I. By the same
reason the set B is not Haar-I in X . 
On the other hand, we have the following corollary of Theorem 9.6.
Theorem 11.4. If a semi-ideal I on 2ω contains all Borel thin subsets of 2ω, then for any Polish group the
semi-ideals EHI and HI have the Steinhaus property.
Now we show that the notion of a Haar-I set generalizes many notions of smallness, considered in the
preceding sections. The items (1) and (2) of the following characterization can be derived from Theorem 4.3,
Lemma 4.5 and Proposition 5.1; the items (3)–(7) follow from the definitions.
Theorem 11.5. A subset A of a Polish group X is:
1) Haar-null if and only if A is Haar-N if and only if A is injectively Haar-N where N is the σ-ideal of
null subsets of 2ω with respect to any continuous measure µ ∈ P (2ω);
2) (injectively) Haar-meager if and only if A is (injectively) Haar-M for the σ-ideal M of meager sets in
2ω;
3) Haar-countable if and only if A is Haar-[2ω]≤ω for the σ-ideal [2ω]≤ω of countable subsets of the Cantor
cube;
4) Haar-scattered if and only if A is Haar-I for the ideal I of scattered subsets of the Cantor cube;
5) Haar-finite if and only if A is Haar-[2ω]<ω for the ideal [2ω]<ω of finite subsets of the Cantor cube;
6) Haar-n if and only if A is Haar-[2ω]≤n for the semi-ideal of subsets of cardinality ≤ n in the Cantor
cube;
7) null-finite if and only if it is Haar-[ω+1]<ω for the ideal [ω+1]<ω of finite subsets of the ordinal ω + 1
endowed with the order topology;
8) null-n if and only if it is Haar-[ω+1]≤n for the semi-ideal [ω+1]≤n of subsets of cardinality ≤ n in the
ordinal ω + 1.
In many cases closed Haar-I sets in Polish groups are Haar-meager.
Theorem 11.6. Let I be a proper ideal on a compact topological space K. Any closed Haar-I set A in a
Polish group X is (strongly) Haar-meager, which yields the inclusions HI ⊂ HM and σHI ⊂ σHM.
Proof. Given a closed Haar-I set A ⊂ X , find a continuous map f : K → X such that f−1(A+ x) ∈ I for all
x ∈ X .
Fix a complete invariant metric ρ generating the topology of the Polish group X . For every n ∈ ω let Un be
the cover of K by open subsets U ⊂ K such that diam f(U) < 12n . By the compactness of K, the cover Un has
a finite subcover U ′n. Since
⋃
U ′n = K /∈ I, there exists a set Un ∈ U
′
n such that Un /∈ I. Then the closure Kn
of Un in K does not belong to the ideal I and its image has diam f(Kn) ≤
1
2n . Choose any point yn ∈ f(Kn).
It follows that the map
g :
∏
n∈ω
Kn → X, g : (xn)n∈ω 7→
∞∑
n=0
(f(xn)− yn)
is well-defined and continuous. We claim that for every x ∈ X the preimage g−1(A+x) is meager in
∏
n∈ωKn.
Assuming that for some x ∈ X the closed set g−1(A + x) is not meager in
∏
n∈ωKn, we would conclude that
g−1(A+x) has nonempty interiorW , which contains some point (wn)n∈ω. Then for some numberm ∈ ω we have
the inclusion {(wi)i<m}×
∏
n≥mKn ⊂W ⊂ g
−1(A+x). Moreover, for the point y =
∑
n∈ω\{m}(f(wn)−yn) ∈
X we have
f(Km)− ym + y = f(Km)− ym +
∑
n∈ω\{m}
(f(wn)− yn)
= g
(
{(wi)i<m} ×Km × {(wi)i>m}
)
⊂ x+A
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and hence I 6∋ Km ⊂ f
−1(A + x + ym − y), which contradicts the choice of the map f . This contradiction
shows that for every x ∈ X the preimage g−1(A+x) is meager in K, witnessing that the set A is Haar-meager.
By Theorem 7.5, the closed Haar-meager set A is strongly Haar-meager. 
(Injectively) Haar-I sets behave nicely under homomorphisms.
Theorem 11.7. Let I be a semi-ideal in a zero-dimensional compact space K. Let h : X → Y be a continuous
surjective homomorphism between Polish groups. For any (injectively) Haar-I set A ⊂ Y , the preimage h−1(A)
is an (injectively) Haar-I set in X.
Proof. Given an (injectively) Haar-I set A ⊂ Y , we can find an (injective) continuous map f : K → Y such that
f−1(A + y) ∈ I for every y ∈ Y . By [9, Theorem 1.2.6], the continuous surjective homomorphism h : X → Y
is open. By the zero-dimensional Michael Selection Theorem [38, Theorem 2], there exists a continuous map
ϕ : K → X such that f = h ◦ ϕ. Observe that the map ϕ is injective if so is the map f . We claim that the
map ϕ witnesses that the set B = h−1(A) is (injectively) Haar-I in X . Since h is a homomorphism, for any
x ∈ X we have B + x = h−1(A+ y) where y = h(x). Then
ϕ−1(B + x) = ϕ−1(h−1(A+ y)) = (h ◦ ϕ)−1(A+ y) = f−1(A+ y) ∈ I.

The analog of the above theorem for images through homomorphisms does not hold, as shows the following
easy example.
Example 11.8. Let X := R2 and denote by π : R2 → R the projection onto the first coordinate. Then π is a
continuous surjective homomorphism and the set A := R× {0} is Haar-1, but its image is not Haar-I for any
proper semi-ideal I on a compact topological space K.
Remark 11.9. Let I be a semi-ideal on a compact space K. For any Polish groups X , Y and (injectively)
Haar-I set A ⊂ X the set A× Y is (injectively) Haar-I in a Polish group X × Y .
It looks like the ideals I on the Cantor space 2ω play critical role for whole theory of Haar-I sets. In such
setting we provide another proposition for σ-ideals.
Proposition 11.10. Let I be a proper σ-ideal on the Cantor cube 2ω =
⋃
I. Then there exists a proper
σ-ideal J with
⋃
J = 2ω such that HI = HJ and J contains no open nonempty subsets of 2ω.
Proof. The union W of all open sets in the ideal I belongs to the σ-ideal I by the Lindelo¨f property of W .
Since I is a proper ideal, W 6= 2ω. Moreover, the compact subset 2ω \W does not contain isolated points due
to
⋃
I = 2ω, hence there exists homeomorphism h : 2ω → 2ω \W . Obviously J := {A ⊂ 2ω : h(A) ∈ I} has
all required properties. 
Next, we evaluate the Borel complexity of closed Haar-I sets in the space F(X) of all closed subsets of a
Polish group X , endowed with the Fell topology.
A subset D ⊂ ωω is called dominating if for any x ∈ ωω there exists y ∈ D such that x ≤∗ y (which means
that x(n) ≤ y(n) for all but finitely many numbers n ∈ ω).
In each non-locally compact Polish group, Solecki [43] constructed a closed subset F admitting an open
perfect map f : F → ωω possessing the following properties.
Theorem 11.11. For any non-locally compact Polish group X there exists a closed set F ⊂ X and an open
perfect surjective map f : F → ωω having the following properties:
1) for any non-dominating set H ⊂ ωω the preimage f−1(H) is openly Haar-null in X;
2) for any compact set K ⊂ X there is x ∈ X such that x+K ⊂ f−1(y) for some y ∈ ωω;
3) for any x, y ∈ ωω with x ≤∗ y there exists a countable set C ⊂ X such that f−1(x) ⊂ C + f−1(y);
4) for any dominating set D ⊂ ωω the preimage f−1(D) is not Haar-I for any proper σ-ideal I on a
compact topological space K.
Proof. The properties (1)–(3) were established by Solecki [43, p.208]. To see that (4) also holds, take any
dominating set D ⊂ ωω and assume that the preimage A := f−1(D) is Haar-I for some proper σ-ideal I on a
compact topological space K. Then we can find a continuous map ϕ : K → X such that ϕ−1(A+x) ∈ I for all
x ∈ X . By the property (2), for the compact subset ϕ(K) of X there exists x ∈ X such that ϕ(K) ⊂ x+f−1(y)
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for some y ∈ ωω. The set D, being dominating, contains an element z ∈ D such that y ≤∗ z. Now the property
(3) yields a countable set C ⊂ X such that f−1(y) ⊂ C + f−1(z). Then
ϕ(K) ⊂ x+ f−1(y) ⊂ x+ C + f−1(z) ⊂ x+ C + f−1(D) = x+ C +A
andK =
⋃
c∈C ϕ
−1(x+c+A) ∈ I as I is a σ-ideal. This means that the ideal I is not proper, which contradicts
our assumption. 
By CD and CND we denote the families of subsets of F(ωω) consisting of closed dominating and closed
non-dominating subsets of ωω, respectively.
Corollary 11.12. For each non-locally compact Polish group X, there exists a continuous map Φ : F(ωω)→
F(X) such that Φ−1(HN ◦) = Φ−1(HI) = CND for any proper σ-ideal I on a compact topological space K
with F(X) ∩HN ◦ ⊂ HI. In particular, Φ−1(HN ◦) = Φ−1(HJ ) = CND for any proper σ-ideal J on 2ω with
N ⊂ J .
Proof. Let f : F → ωω be the open perfect map from Theorem 11.11. By [43, 3.1], the map
Φ : F(ωω)→ F(X), Φ : D 7→ f−1(D),
is continuous. Theorem 11.11(1,4) implies that Φ−1(HN ◦) = Φ−1(HI) = CND for any proper σ-ideal I on a
compact topological space K with F(X) ∩HN ◦ ⊂ HI.
Now assume that J is a proper σ-ideal on 2ω with N ⊂ J . By Theorem 4.3,
F(X) ∩HN ◦ ⊂ F(X) ∩HN = F(X) ∩HN ⊂ F(X) ∩HJ
and hence Φ−1(HN ◦) = Φ−1(HJ ) = CND. 
Let Γ be a class of metrizable separable spaces. A subset H of a standard Borel space X is called Γ-hard
in X if for any Polish space P and a subspace G ∈ Γ in P there exists a Borel map f : P → X such that
f−1(H) = G. We recall that Σ1
1
and Π1
1
denote the classes of analytic and coanalytic spaces, respectively. By
[43, 3.2] (and an unpublished result of Hjorth [29] mentioned in [43] and proved in [46, 4.8]), the set CND of
F(ωω) is Π1
1
-hard (and Σ1
1
-hard) and hence CND is neither analytic nor coanalytic in F(ωω).
This facts combined with Corollary 11.12 imply another corollary.
Corollary 11.13. For any proper σ-ideal I on 2ω with N ⊂ I and any non-locally compact Polish group X
the subset F(X)∩HI of F(X) is Π1
1
-hard and Σ1
1
-hard. Consequently, the set F(X)∩HI is neither analytic
nor coanalytic in the standard Borel space F(X).
Since N ⊂ σN ⊂M in 2ω, Corollary 11.13 implies:
Corollary 11.14. For any non-locally compact Polish group X the subsets F(X) ∩ HσN , F(X) ∩ HN , and
F(X) ∩HM of F(X) are Π1
1
-hard and Σ1
1
-hard.
Remark 11.15. For any non-locally compact Polish group the Π1
1
-hardness and Σ1
1
-hardness of the set
F(X)∩HN in F(X) was proved by Solecki [43] and the proof of Corollary 11.13 is just a routine modification
of the proof of Solecki.
12. Fubini ideals
In this section we give conditions on an ideal I of subsets of a topological space K under which for every
Polish group X the semi-ideal HI is an ideal or a σ-ideal.
Let K be a topological space. Let n ≤ ω be a non-zero countable cardinal and i ∈ n. For every a ∈ Kn\{i},
consider the embedding ea : K → Kn assigning to each x ∈ K the function y : n→ K such that y(i) = x and
y|n \ {i} = a.
Each family I of subsets of the space K induces the family
Ini = {A ⊂ K
n : ∀a ∈ Kn\{i} e−1a (A) ∈ I}
on Kn.
Definition 12.1. A family I of subsets of the space K is defined to be n-Fubini for n ∈ N∪{ω} if there exists
a continuous map h : K → Kn such that for any i ∈ n and any Borel set B ∈ Ini the preimage h
−1(B) belongs
to the family I.
We shall say that a family I of subsets of the space K is Fubini if it satisfies the equivalent conditions of
the following theorem.
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Theorem 12.2. For any family I of subsets of a topological space K the following conditions are equivalent:
1) I is n-Fubini for every n with 2 ≤ n ≤ ω;
2) I is n-Fubini for some n with 2 ≤ n ≤ ω;
3) I is 2-Fubini.
Proof. The implication (1)⇒ (2) is trivial. To see that (2)⇒ (3), assume that I is n-Fubini for some n with
2 ≤ n ≤ ω. Then there exists a continuous map h : K → Kn such that for any i ∈ n and any Borel subset
B ∈ Ini of K
n the preimage h−1(B) belongs to the family I. Let p : Kn → K2, p : x 7→ (x(0), x(1)), be the
projection of Kn onto the first two coordinates.
We claim that the map h2 := p ◦ h : K → K2 witnesses that the ideal I is 2-Fubini. Given any i ∈ 2 and
any Borel subset B ∈ I2i of K
2, observe that the preimage p−1(B) is a Borel subset of Xn that belongs to the
family Ini . Now the choice of the map h guarantees that h
−1
2 (B) = h
−1(p−1(B)) ∈ I.
(3) ⇒ (1) Assume that I is 2-Fubini, which means that there exists a continuous map h : K → K2 such
that for any i ∈ 2 = {0, 1} and any Borel subset B ∈ I2i of K
2 the preimage h−1(B) belongs to the family I.
For every i ∈ 2 let πi : K
2 → K, πi : x 7→ x(i), be the coordinate projection.
For every integer n ∈ N consider the map
Hn : K
n → Kn+1, Hn : (x0, . . . , xn−2, xn−1) 7→ (x0, . . . , xn−2, π0 ◦ h(xn−1), π1 ◦ h(xn−1)).
For n = 1 the map H1 coincides with h.
Define a sequence of continuous maps (hn : K → Kn)∞n=2 by the recursive formula: h2 = h and hn+1 =
Hn ◦ hn for n ≥ 2.
We claim that for every n ≥ 2 the map hn witnesses that the family I is n-Fubini. For n = 2 this follows
from the choice of the map h2 = h. Assume that for some n ≥ 2 we have proved that for every i ∈ n and every
Borel set B ∈ Ini in K
n we have h−1n (B) ∈ I.
Fix i ∈ n+ 1 and a Borel subset B ∈ In+1i in K
n+1. Observe that h−1n+1(B) = h
−1
n (H
−1
n (B)). If i < n− 1,
then the definition of the map Hn ensures that H
−1
n (B) ∈ I
n
i . If i ∈ {n− 1, n}, then the choice of the map h
guarantees that H−1n (B) ∈ I
n
n−1. In both cases h
−1
n+1(B) = h
−1
n (H
−1
n (B)) ∈ I by the inductive assumption.
Next, we prove that the family I is ω-Fubini. This is trivial if K = ∅. So, we assume that K 6= ∅ and fix
any point p ∈ K. For every n ∈ N identify the power Kn with the subset Kn×{p}ω\n of Kω. For every k ∈ ω
let πk : K
ω → K, πk : x 7→ x(k), be the projection onto the k-th coordinate.
Observe that for every k < n− 1 we have
πk ◦ hn+1 = πk ◦Hn ◦ hn = πk ◦ hn,
which implies that the sequence of maps hn : K → K
n ⊂ Kω converges to the continuous map hω : K → K
ω
defined by equality πk ◦ hω = πk ◦ hk+2 for k ∈ ω.
We claim that the map hω : K → Kω witnesses that the family I is ω-Fubini. Fix any i ∈ ω and a Borel
subset B ∈ Iωi in K
ω. Let gi+2 = Hi+2 : K
i+2 → Ki+3 and for every m ≥ i + 2 let gm+1 = Hm+1 ◦ gm :
Ki+2 → Km+2. Observe that for any k < m we get
πk ◦ gm+1 = πk ◦Hm+1 ◦ gm = πk ◦ gm,
which implies that the sequence (gm)
∞
m=i+2 converges to the continuous map gω : K
i+2 → Kω uniquely
determined by the conditions
πk ◦ gω = πk ◦ g2+max{i,k} for k ∈ ω.
We claim that hm+1 = gm ◦ hi+2 for every m ≥ i + 2. This equality holds for m = i + 2 by the definitions of
gi+2 := Hi+2 and hi+3 := Hi+2 ◦hi+2. Assume that for some m ≥ i+2 we have proved that hm+1 = gm ◦hi+2.
Then hm+2 = Hm+1 ◦ hm+1 = Hm+1 ◦ gm ◦ hi+2 = gm+1 ◦ hi+2.
By the Principle of Mathematical Induction, the equality hm+1 = gm ◦ hi+2 holds for every m ≥ i+2. This
implies that hω = limm→∞ hm = limm→∞ gm ◦ hi+2 = gω ◦ hi+2. Consider the Borel set D = g−1ω (B) ⊂ K
i+2.
We claim that D ∈ Ii+2i . Take any a ∈ K
(i+2)\{i} and consider the embedding ea : K → Ki+2. Since
πi ◦ gω = πi ◦ gi+2 = πi ◦Hi+2 = πi, the composition gω ◦ ea : K → K
ω is equal to the embedding eb for some
b ∈ Kω\{i}. Then e−1a (D) = e
−1
a (g
−1
ω (B)) = (gω ◦ ea)
−1(B) = e−1b (B) ∈ I as B ∈ I
ω
i . This completes the proof
of the inclusion D ∈ Ii+2i .
Taking into account that the map hi+2 : K → Ki+2 witnesses that the family I is (i+2)-Fubini, we conclude
that
h−1ω (B) = (gω ◦ hi+2)
−1(B) = h−1i+2(g
−1
ω (B)) = h
−1
i+2(D) ∈ I,
which means that the map hω : K → Kω witnesses that the family I is ω-Fubini. 
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Theorem 12.3. If I is a Fubini ideal on a compact space K, then for any Polish group X the semi-ideal HI
of Haar-I sets in X is an ideal.
Proof. Since the ideal I is Fubini, there exists a continuous map h : K → K ×K such that for every i ∈ {0, 1}
and any Borel set B ∈ I2i the preimage h
−1(B) belongs to the ideal I.
To show that the semi-ideal HI is an ideal, we shall prove that the union A ∪ B of any Haar-I sets A,B
in the Polish group X is Haar-I. By definition, the sets A,B are contained in Borel Haar-I sets in X . So,
we can assume that the Haar-I sets A and B are Borel. Let fA, fB : K → X be continuous maps such that
for every x ∈ X the sets f−1A (A + x) and f
−1
B (B + x) belong to the ideal I. Consider the continuous map
fAB : K ×K → X , fAB : (x, y) 7→ fA(x) + fB(y) and the continuous map f = fAB ◦ h : K → X .
It is easy to see that for every x ∈ X the Borel set f−1AB(A+ x) belongs to the family I
2
0 . The choice of the
map h guarantees that the Borel set
f−1(A+ x) = h−1(f−1AB(A+ x))
belongs to the ideal I. By analogy we can prove that the Borel set f−1(B + x) belongs to the ideal I. Then
f−1((A ∪B) + x) = f−1(A + x) ∪ f−1(B + x) ∈ I, which means that the map f : K → X witnesses that the
union A ∪B is Haar-I in X . 
Theorem 12.4. If I is a Fubini σ-ideal on a zero-dimensional compact space K, then for any Polish group
X the semi-ideal HI is a σ-ideal.
Proof. Let ρ be a complete invariant metric generating the topology of the Polish group X . To prove that the
semi-ideal HI is a σ-ideal, take a countable family {An}n∈ω of Haar-I Borel sets in X .
Claim 12.5. For every n ∈ ω there exists a continuous map fn : K → X such that diam fn(K) ≤
1
2n and for
every x ∈ X the set f−1n (An + x) belongs to the σ-ideal I.
Proof. Since An is Haar-I, there exists a continuous map gn : K → X such that for every x ∈ X the set
g−1n (An + x) belongs to the σ-ideal I. Since K is zero-dimensional and Lindelo¨f, there exists a disjoint cover
U of K by nonempty open sets U ⊂ K such that diam gn(U) ≤
1
2n+1 . In each set U ∈ U choose a point zU and
consider the continuous map fn : K → X defined by fn(x) = gn(x) − gn(zU ) for any x ∈ U ∈ U . It follows
that diam fn(K) ≤ diam
⋃
U∈U (gn(U)− gn(zU )) ≤
2
2n+1 =
1
2n . Also, for every x ∈ X we get
f−1n (A+ x) ⊂
⋃
U∈U
g−1n (A+ x+ gn(zU )) ∈ I
since I is a σ-ideal. 
The choice of the maps fn : K → X with diam fn(K) ≤
1
2n guarantees that the map
f : Kω → X, f : (xn)n∈ω 7→
∑
n∈ω
fn(xn),
is well-defined and continuous. By Theorem 12.2, the ideal I is ω-Fubini. So there exists a continuous map
h : K → Kω such that for every n ∈ ω and every Borel set B ∈ Iωn in K
ω the preimage h−1(B) belongs to
the ideal I. We claim that the continuous map g = f ◦ h : K → X witnesses that the union A =
⋃
n∈ω An is
Haar-I in X . We need to show that for every x ∈ X the Borel set g−1(A+ x) belongs to the σ-ideal I.
The choice of the sequence (fn)n∈ω and the definition of the map f ensure that for every n ∈ N the Borel set
f−1(An+x) belongs to the family Iωn . By the choice of the map h, the preimage h
−1(f−1(An+x)) = g
−1(An+x)
belongs to I. Since I is a σ-ideal, the set g−1(A+ x) =
⋃
n∈ω g
−1(An + x) belongs to I. 
Theorem 12.6. If I is a Fubini σ-ideal on a zero-dimensional compact space K, then for any Polish group
X we have the inclusions
σHI ⊂ HσI ⊂ HI.
Proof. The inclusion HσI ⊂ HI follows from the inclusion σI ⊂ I. To see that σHI ⊂ HσI, take any set
A ∈ σHI in the Polish group X . By definition, A ⊂
⋃
n∈ω Fn for some closed Haar-I sets Fn ⊂ X . Since
HI is a σ-ideal, the countable union F =
⋃
n∈ω Fn is Haar-I. By the definition of a Haar-I set, there exists a
continuous map f : K → X such that for every x ∈ X the Fσ-set f−1(F + x) belongs to the ideal I, and being
of type Fσ, belongs to the σ-ideal σI. This means that F is Haar-σI and so is the subset A of F . 
The Kuratowski-Ulam Theorem [31, 8.41] implies the following fact.
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Theorem 12.7. For any Polish space K homeomorphic to its square K×K, the σ-ideal MK of meager subsets
of K is Fubini. In particular, the σ-ideal M of meager sets in the Cantor cube 2ω is Fubini.
Theorems 11.5(2), 12.7 and 12.4 imply the following result of Darji [14, Theorem 2.9].
Corollary 12.8 (Darji). For each Polish group the semi-ideal HM is a σ-ideal.
On the other hand, the classical Fubini Theorem [31, p.104] implies:
Theorem 12.9. For any continuous strictly positive Borel σ-additive measure µ on the Cantor cube 2ω, the
σ-ideal Nµ of sets of µ-measure zero in 2
ω is Fubini. In particular, the σ-ideal N of sets of Haar measure zero
in 2ω is Fubini.
Theorems 11.5(1), 12.9 and 12.4 imply the following result of Christensen [13, Theorem 1].
Corollary 12.10 (Christensen). For each Polish group the semi-ideal HN is a σ-ideal.
Problem 12.11. Is the σ-ideal σN on 2ω Fubini?
Remark 12.12. Theorems 12.6, 12.9, 11.6 and Corollary 12.8 imply that
σHN ⊂ HσN ⊂ HN ∩HM ⊂ HN ∩M
for an uncountable Polish group. For a locally compact Polish group some inclusions in this chain turn into
equalities:
σHN = σN ⊂ HσN ⊂ HN ∩HM = N ∩M.
In Example 17.5 we shall observe that HσN 6=M∩N for some compact Polish group.
Problem 12.13. Is σHN = HσN for any (locally compact) Polish group?
Problem 12.14. Is the semi-ideal HσN an ideal for any (locally compact) Polish group?
Definition 12.15. A pair (I,J ) of families I,J of subsets of a topological space K is defined to be Fubini
if there exists a continuous map h : K → K2 such that for any Borel set A ∈ I20 in K
2 the preimage h−1(A)
belongs to I and for any Borel set B ∈ J 21 in K
2 the preimage h−1(B) belongs to the family J .
Observe that a family I of subsets of K is Fubini if and only if the pair (I, I) is Fubini.
Theorem 12.16. Let (I,J ) be a Fubini pair of semi-ideals I,J on a topological space K. Then for any Polish
group X we get H(I ∩ J ) = HI ∩HJ .
Proof. The inclusion H(I ∩ J ) ⊂ HI ∩ HJ is obvious. To see that HI ∩ HJ ⊂ H(I ∩ J ), fix any set
A ∈ HI ∩ HJ . By definition, A is contained in Borel sets A0 ∈ HI and A1 ∈ HJ .
Let f0, f1 : K → X be continuous maps such that f
−1
0 (A0 + x) ∈ I and f
−1
1 (A1 + x) ∈ J for all x ∈ X .
Consider the continuous map f : K ×K → X , f : (x, y) 7→ f0(x0) + f1(x1), and observe that for every x ∈ X
we get f−1(A0 + x) ∈ I
2
0 and f
−1(A1 + x) ∈ J
2
1 for all x ∈ X .
Since the pair (I,J ) is Fubini, there exists a continuous map h : K → K × K such that for any Borel
sets B0 ∈ I20 and B1 ∈ J
2
1 in K
2 the preimages h−1(B0) and h
−1(B1) belong to the semi-ideals I and J ,
respectively.
Consider the continuous map g = f ◦ h : K → X and observe that for every x ∈ X we have
g−1(A0 + x) = h
−1(f−1(A0 + x)) ∈ I and g
−1(A1 + x) = h
−1(f−1(A1 + x)) ∈ J .
Consequently, for the Borel set A˜ = A0 ∩ A1 ⊃ A in X we get
g−1(A+ x) ⊂ g−1(A˜+ x) = g−1(A0 + x) ∩ g
−1(A1 + x) ∈ I ∩ J ,
witnessing that the set A belongs to the semi-ideal H(I ∩ J ). 
Kuratowski-Ulam Theorem [31, 8.41] and Fubini Theorem [31, p.104] imply the following fact.
Theorem 12.17. The pair (M,N ) of the σ-ideals M and N on the Cantor cube 2ω is Fubini.
This theorem combined with Theorem 12.16 imply:
Corollary 12.18. For any Polish group we have HN ∩HM = H(M∩N ).
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13. Borel hulls of Haar-I sets in Polish groups
In this section we will unify results obtained in papers [23], [24], [18], [19], [42] using the notion of Haar-I
sets. Most of proofs in this sections are mutatis mutandis the same as in papers mentioned above, however we
put modified parts here for the sake of completness, as they are usually quite complicated.
Let Polish be the category of Polish spaces and their continuous maps, and Set be the category of sets
and functions between sets. Let Pow : Polish→ Set be the contravariant functor assigning to each set X the
family Pow(X) of subsets of X and to each continuous function f : X → Y between Polish spaces the function
Pow(f) : Pow(Y )→ Pow(X), Pow(f) : A 7→ f−1(A).
By a pointclass we understand any subfunctor Γ of the contravariant functor Pow such that for any Polish
space X and sets A,B ∈ Γ(X) we have {∅, X} ⊂ Γ(X), A ∩B ∈ Γ(X), and A ∪B ∈ Γ(X). For a pointclass Γ
let Γc be the pointclass assigning to each Polish space X the family Γc(X) = {A ∈ Pow(X) : X \A ∈ Γ(X)}.
By ∆11, Σ
1
1 and Π
1
1 we denote the pointclasses assigning to each Polish space X the families ∆
1
1(X), Σ
1
1(X)
and Π11(X) of Borel, analytic and coanalytic subsets of X , respectively.
Definition 13.1. Let Γ,Λ be two pointclasses. We say that a family I of subsets of a Polish space Z is
Λ-on-Γ, if for any Polish space Y and set A ∈ Γ(Z × Y ), we have {y ∈ Y : Ay ∈ I} ∈ Λ(Y ), where
Ay := {z ∈ Z : (z, y) ∈ A} is the y-section of the set A.
Families which are ∆11-on-∆
1
1 will be called Borel-on-Borel.
In the following theorem we collect some known facts on the Λ-on-Γ properties of the ideals M, N , and
M∩N on the Cantor set 2ω.
Theorem 13.2. The ideals M and N are Π11-on-Σ
1
1, Σ
1
1-on-Π
1
1, and ∆
1
1-on-∆
1
1.
Proof. The Π11-on-Σ
1
1 property of the idealsM and N follow from [31, 29.22] and [31, 29.26], respectively. The
Σ11-on-Π
1
1 property of the ideals M and N follows from [31, 36.24]. Observe that for any Polish space Y and
any subset A ⊂ 2ω × Y we have the equality
{y ∈ Y : Ay ∈ M∩N} = {y ∈ Y : Ay ∈M} ∩ {y ∈ Y : Ay ∈ N}.
Combining this equality with the Σ11-on-Π
1
1 and Π
1
1-on-Σ
1
1 properties of the idealsM, N , we conclude that the
ideal M∩N is Σ11-on-Π
1
1 and Π
1
1-on-Σ
1
1.
By the famous Souslin Theorem (see, [31, 14.11]), ∆11(Y ) = Σ
1
1(Y ) ∩ Π
1
1(Y ) for any Polish space Y . This
equality and the Σ11-on-Π
1
1 and Π
1
1-on-Σ
1
1 properties of the ideals M, N , M∩N imply that these ideals are
∆11-on-∆
1
1. 
We start by proving a common generalization of Theorem 4.1 [23] and Theorem 10 [18] treating Haar-null
sets and Haar-meager sets, respectively.
Definition 13.3. Let Λ,Γ be two pointclasses, and I be an semi-ideal on a zero-dimensional compact metriz-
able space Z =
⋃
I. We say that the triple (I,Γ,Λ) has the property (H) if the following conditions are
satisfied:
(H1) For any A ∈ I the set Z \A does not belong to I;
(H2) For any Polish space P there exists a set U ∈ Γ(2ω × P ), which is Λc(P )-universal in the sense that
for every A ∈ Λc(P ) there exists x ∈ 2ω such that Ux = A;
(H3) I is Γc-on-Γ;
(H4) If a set A ∈ Γ(C(Z,X)×Y ×X) is such that for every (h, y) ∈ C(Z,X)×Y the section A(h,y) is either
empty or h−1(Ah,y) /∈ I, then the set A has a uniformization φ ∈ Γ(C(Z,X)× Y ×X), (which means
such that φ ⊂ A and for any (h, y) ∈ C(Z,X)× Y with A(h,y) 6= ∅ the section φ(h,y) is a singleton);
(H5) For any Borel injection f : X → Y between Polish spaces {f(A) : A ∈ Γ(X)} ⊂ Γ(Y ).
Theorem 13.4. Let I be a semi-ideal on a compact metrizable space Z =
⋃
I and Γ,Λ are two pointclasses
such that the triple (I,Γ,Λ) has the property (H). Let X be a Polish group containing a topological copy of the
compact space Z. If X is not locally compact, then there exists a Haar-1 (and hence Haar-I) set E ∈ Γ(X),
which cannot be enlarged to a Haar-I set H ∈ Λ(X).
Proof. The proof of this theorem is based on two lemmas. The first one is a counterpart of [23, Theorem 3.1]
and [18, Proposition 7].
Lemma 13.5. There exists a set φ ∈ Γ(C(Z,X)× 2ω ×X) such that
1) for any triples (h, x, y), (h, x, y′) ∈ φ we have y = y′;
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2) for any triple (h, x, y) ∈ φ we have y ∈ h(Z);
3) for any h ∈ C(Z,X) and any set S ∈ Λ(2ω ×X) containing the section φh, there exists x ∈ 2ω such
that h−1(Sx) /∈ I.
Proof. Consider the closed set
F := {(h, x, g) ∈ C(Z,X)× 2ω ×X : g ∈ h(Z)}
in the Polish space C(Z,X)× 2ω ×X and observe that F ∈ Γ(F ) by the definition of a pointclass. Since the
identity inclusion F → C(Z,X)× 2ω×X is a continuous injection, the set F belongs to the class Γ(C(Z,X)×
2ω ×X) according to the condition (H5).
By the condition (H2), there exists a Λc(2ω ×X)-universal set U ∈ Γ(2ω × 2ω ×X). Consider the set
U ′ := {(h, x, g) ∈ F : (x, x, g) ∈ U and h−1(U(x,x)) /∈ I}.
Claim 13.6. U ′ ∈ Γ(C(Z,X)× 2ω ×X).
Proof. Observe that U ′ = F ∩ U ′1 ∩ U
′
2 where
U ′1 = {(h, x, g) ∈ C(K,X)× 2
ω ×X : (x, x, g) ∈ U} and
U ′2 = {(h, x, g) ∈ C(K,X)× 2
ω ×X : h−1(U(x,x)) /∈ I}.
The continuity of the map ξ1 : C(Z,X) × 2ω ×X → 2ω × 2ω ×X , ξ1 : (h, x, g) 7→ (x, x, g), and definition of
a pointclass as a subfunctor of the contravariant functor Pow ensure that the set U ′1 = ξ
−1
1 (U) belongs to the
class Γ(C(Z,X)× 2ω ×X).
The continuity of the map Z × C(Z,X)× 2ω → 2ω × 2ω ×X , (z, h, x) 7→ (x, x, h(z)), and the definition of
a pointclass ensure that the set U¨ := {(z, h, x) ∈ Z × C(Z,X) × 2ω : (x, x, h(z)) ∈ U} belongs to the class
Γ(Z × C(K,X)× 2ω). Since the semi-ideal I is Γc-on-Γ, the set
L := {(h, x) ∈ C(Z,X)× 2ω : U¨(h,x) /∈ I}
belongs to the class Γ(C(Z,X)× 2ω). Observe that for every (h, x) ∈ C(Z,X)× 2ω we have
h−1(U(x,x)) = {z ∈ Z : h(z) ∈ U(x,x)} = {z ∈ Z : (x, x, h(z)) ∈ U}
= {z ∈ Z : (z, h, x) ∈ U¨} = U¨(h,x)
and hence
{(h, x) ∈ C(Z,X)× 2ω : h−1(U(x,x)) /∈ I} = L ∈ Γ(C(Z,X)× 2
ω).
The definition of a pointclass implies that
U ′2 = {(h, x, g) ∈ C(Z,X)× 2
ω ×X : h−1(U(x,x)) /∈ I} = L×X ∈ Γ(C(Z,X)× 2
ω ×X)
and U ′ = F ∩ U ′1 ∩ U
′
2 ∈ Γ(C(Z,X)× 2
ω ×X). 
We claim that for every (h, x) ∈ C(Z,X) × 2ω the section U ′(h,x) := {g ∈ X : (h, x, g) ∈ U
′} is either
empty or U ′(h,x) /∈ I. Indeed, if U
′
(h,x) contains some element g ∈ X , then (h, x, g) ∈ U
′, (x, x, g) ∈ U and
h−1(U(x,x)) /∈ I. Observe that for every y ∈ h
−1(U(x,x)) we get (h, x, y) ∈ U
′ and hence y ∈ U ′(h,x). Therefore,
h−1(U(x,x)) ⊂ U
′
(h,x) and then h
−1(U(x,x)) /∈ I implies U
′
(h,x) /∈ I.
By the condition (H4), the set U ′ has a uniformization φ ∈ Γ(C(Z,X) × 2ω × X). Since φ is a partial
function, the condition (1) of Lemma 13.5 is satisfied. The condition (2) follows from the inclusion φ ⊂ U ′ ⊂ F .
It remains to check the condition (3). Assume towards a contradiction that there exists h ∈ C(Z,X) and
S ∈ Λ(2ω ×X) such that φh ⊂ S and h−1(Sx) ∈ I for every x ∈ 2ω. Let B = (2ω ×X) \ S and observe that
for every x ∈ 2ω we have Bx ∪ Sx = X . Since h−1(Sx) ∈ I, the condition (H1) implies that h−1(Bx) /∈ I.
By the Λc(2ω × X)-universality of the set U ∈ Γ(2ω × (2ω × X)), there exists x ∈ 2ω such that Ux = B.
Then U(x,x) = Bx and hence h
−1(U(x,x)) = h
−1(Bx) /∈ I. Then (h, x, h(x)) ∈ U ′ and for a unique triple
(h, x, g) ∈ φ ⊂ U ′ we have g ∈ φ(h,x) ⊂ Sx. On the other hand, g ∈ φ(h,x) ⊂ U
′
(h,x) ⊂ U(x,x) = Bx, which is not
possible as Bx ∩ Sx = ∅. 
The second ingredient of the proof of Theorem 13.4 is the following lemma whose proof can be found in [23,
Proposition 3.5].
Lemma 13.7. For any non-locally compact Polish group X and any nonempty compact set C ⊂ X, there
exists a Borel map t : K(X)× 2ω × 2ω → X such that
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1) for any distinct triples (K,x, y), (K ′, x′, y′) ∈ K(X)× 2ω × 2ω, we have
(K − C + t(K,x, y)) ∩ (K ′ − C + t(K ′, x′, y′)) = ∅;
2) for every K ∈ K(X) and y ∈ 2ω the map t(K, ·, y) : 2ω → X, t(K, ·, y) : x 7→ t(K,x, y), is continuous.
No we are ready to present the proof of Theorem 13.4. By the assumption of the theorem, there exists a
continuous injection h0 : Z → X such that θ ∈ h0(Z). Fix a Borel injection c : C(K,X)→ 2ω from the Polish
space C(K,X) to the Cantor cube. Let t be a function obtained by Lemma 13.7 for C = h0(Z). Define a
function Ψ : C(K,X)× 2ω ×X → X by the formula
Ψ(h, x, g) = g + t(h(K), x, c(h))
and put E := Ψ(φ) where φ ∈ Γ(C(K,X)× 2ω ×X) is the set given by Lemma 13.5.
Claim 13.8. E ∈ Γ.
Proof. It is easy to see that the function Ψ is Borel. We claim that it is injective on the closed subset
F = {(h, x, g) ∈ C(Z,X)× 2ω ×X : g ∈ h(Z)}
of C(Z,X)×2ω×X . We need to check that Ψ(h, x, g) 6= Ψ(h′, x′, g′) for any distinct triples (h, x, g), (h′, x′, g′) ∈
F . The case (h, x) = (h′, x′) is obvious. If (h, x) 6= (h′, x′), then the injectivity of the function c ensures
that (h(Z), x, c(h)) 6= (h′(Z), x′, c(h′)) and then Lemma 13.7(1) ensures that Ψ(h, x, g) 6= Ψ(h′, x′, g′) as
Ψ(h, x, g) = g + t(h(Z), x, c(h)) ⊂ h(Z) − C + t(h(Z), x, c(h)) (recall that g ∈ h(Z) and θ ∈ C). Since
φ ⊂ U ′ ⊂ F , the definition of a pointclass implies φ ∈ Γ(F ). Applying the condition (H5), we obtain
E ∈ Γ(X). 
Claim 13.9. E is Haar-1.
Proof. It suffices to prove that |h−10 (E+ g)| ≤ 1 for any g ∈ X , or equivalently (since h0 is injective) |(C+ g)∩
E| ≤ 1. To derive a contradiction, assume that for some g ∈ X the intersection (C+g)∩E contains two distinct
elements. Then we can find two distinct triples (h, x, y), (h′, x′, y′) ∈ φ such that Ψ(h, x, y) = y+t(h(Z), x, c(h))
and Ψ(h′, x′, y′) = y′ + t(h′(Z), x′, c(h′)) are two points of the set C + g. It follows that
g ∈
(
y − C + t(h(Z), x, c(h))
)
∩
(
y′ − C + t(h′(Z), x′, c(h′)
)
⊆
(
h(Z)− C + t(h(Z), x, c(h))
)
∩
(
h′(Z)− C + t(h′(Z), x′, c(h′))
)
.
Lemma 13.7(1) and the injectivity of the function c ensure that x = x′ and h = h′. Now Lemma 13.5(1) implies
that y = y′ and hence (h, x, y) = (h′, x′, y′), which contradicts the choice of these two triples. 
Claim 13.10. There is no Haar-I set H ∈ Λ(X) containing E.
Proof. Suppose H ∈ Λ(X) is a Haar-I set containing the set E. Choose a function h ∈ C(Z,X) witnessing that
H is Haar-I in X . Lemma 13.7(2) and the definition of the function Ψ imply that the map Ψh : 2ω ×X → X ,
Ψh : (x, g) 7→ g+t(h(Z), x, c(h)), is continuous, so by the definition of a pointsclass, the preimage S := Ψ
−1
h (H)
belongs to the class Λ(2ω ×X).
Since φ ⊆ Ψ−1(E) ⊆ Ψ−1(H), we see that φh ⊂ S, and therefore, by Lemma 13.5(3), there exists x ∈ 2ω such
that h−1(Sx) /∈ I. By the definition of S we have that Ψ({(h, x)}×Sx) ⊂ Ψh(S) ⊂ H . But Ψ({(h, x)}×Sx) =
Sx+ t(h(Z), x, c(h)) is just a translation of Sx, so a translate of H contains Sx and h
−1(Sx) /∈ I, contradicting
that h witnesses that H is Haar-I. 

We shall deduce from Theorem 13.4 the following theorem.
Theorem 13.11. Let I be a σ-ideal on a compact metrizable space Z =
⋃
I /∈ I. If I is Borel-on-Borel, then
for every countable ordinal α, the triple (I,∆11,Π
0
α) has the property (H). Consequently, for every non-locally
compact Polish group X containing a topological copy of Z, there exists a Borel Haar-1 subset E ⊂ X which
cannot be enlarged to a Haar I-set H ∈ Π0α(X).
Proof. First we check that the triple (I,∆11,Π
0
α) has the property (H). The condition (H1) holds since Z /∈ I.
The condition (H2) follows from [31, Theorem 22.3]. The condition (H3) holds since the ideal I is Borel-on-
Borel by the assumption. The condition (H5) follows from [31, 15.2].
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It remains to check the condition (H4). Fix a Borel subset A ⊂ C(Z,X) × 2ω × X such that for every
(h, x) ∈ C(Z,X)× 2ω either A(h,x) = ∅ or h
−1(A(h,x)) /∈ I. Consider the continuous map
ξ : Z × C(Z,X)× 2ω → C(Z,X)× 2ω ×X, ξ : (z, h, x) 7→ (h, x, h(x)),
and observe that A′ = ξ−1(A) is a Borel subset of Z ×C(Z,X)× 2ω such that for every (h, x) ∈ C(Z,X)× 2ω
the set A′(h,x) = h
−1(A(h,x)) is either empty of A
′
(h,x) /∈ I. By [31, Theorem 18.6], the Borel set A
′ has a
Borel uniformization φ ⊂ A′. We claim that the function ξ↾φ is injective. Indeed, if (z, h, x), (z′, h′, x′) are
distinct points of φ, then (h, x) 6= (h′, x′) and hence ξ(z, h, x) = (h, x, h(x)) 6= (h′, x′, h′(x′)) = ξ(z′, h′, z′).
Now Theorem 15.2 in [31] implies that B := ξ(φ) is a Borel subset of C(Z,X) × 2ω × X . It is clear that
B = ξ(φ) ⊂ ξ(A′) ⊂ A. For any (h, x) ∈ C(Z,X) × 2ω with A(h,x) 6= ∅, we get A
′
(h,x) = h
−1(A(h,x)) /∈ I
and hence A′(h,x) 6= ∅ and φ(h,x) coincides with a singleton {(z, h, x)}. Then B(h,x) = {(h, x, h(z))} is a
singleton, too. Therefore, the triple (I,∆11,Π
0
α) has the property (H) and by Theorem 13.4, every non-locally
compact Polish Abelian group X contains a Borel Haar-1 set E ⊂ X that cannot be enlarged to Haar-I set
H ∈ Π0α(X). 
By Theorem 13.2, the ideals M and N on 2ω are ∆11-on-∆
1
1. So, we can apply Theorem 13.11 and obtain
the following corollary, first proved in [18] and [23].
Corollary 13.12. Let α be a countable ordinal and I be one of the σ-ideals M or N on 2ω. Every non-locally
compact Polish group X contains a Borel Haar-1 set that cannot be enlarged to a Haar-I set of Borel class
Π0α(X).
Similar results are true for coanalytic sets.
Theorem 13.13. Let I be one of the σ-ideals M or N on 2ω. Then the triple (I,Π11,Σ
1
1) has the property
(H). Consequently, every non-locally compact Polish group X contains a coanalytic Haar-1 set that cannot be
enlarged to an analytic Haar-I set in X.
Proof. The conditions (H1) for the triple (I,Π11,Σ
1
1) trivially hold. The condition (H2) follows from [31,
Theorem 26.1] and (H3) from Theorem 13.2, the condition (H4) can be established by the arguments presented
[31, §36.F]. The condition (H5) follow from well-known properties of coanalytic and analytic sets, see [31,
§25.A]. Therefore, the triple (I,Π11,Σ
1
1) has the property (H) and by Theorem 13.4, every non-locally compact
Polish group X contains a coanalytic Haar-1 set that cannot be enlarged to an analytic Haar-I subset of X . 
On the other hand, for analytic Haar-I sets, we have the following theorem generalizing [42, Proposition
(i)] and [19, Proposition 8].
Theorem 13.14. Let I be a semi-ideal on a compact metrizable space Z =
⋃
I /∈ I. If I is Π11-on-Σ
1
1, then
every analytic Haar-I set in a non-locally Polish group X can be enlarged to a Borel Haar-I set in X.
Proof. Given an analytic Haar-I set H ⊂ X , find h ∈ C(Z,X) such that h−1(g + H) ∈ I for all g ∈ X .
Consider the family
A = {Σ11(X) : ∀g ∈ X h
−1(g +A) ∈ I}
of analytic Haar-I sets in X .
We claim that A is Π11-on-Σ
1
1. Given any Polish space Y and an analytic set A ⊂ X × Y , we need to show
that the set {y ∈ Y : Ay ∈ A} is coanalytic in Y . Consider the continuous map
F : X × Y × Z → X × Y, F : (g, y, z) 7→ (h(z)− g, y).
By [31, 14.4], the preimage A˜ = F−1(A) is an analytic set in X×Y ×Z. Observe that for every (g, y) ∈ X×Y
we have
A˜(g,y) = {z ∈ Z : (g, y, z) ∈ A˜} = {z ∈ Z : (h(z)− g, y) ∈ A}
= {z ∈ Z : h(z) ∈ g +Ay} = h
−1(g +Ay).
Then
L := {(g, y) ∈ X × Y : h−1(g +Ay) /∈ I} = {(g, y) ∈ X × Y : A˜(g,y) /∈ I} ∈ Σ
1
1(X × Y )
as the family I is Π11-on-Σ
1
1. Consider the projection prY : X × Y → Y and observe that the image prY (L) is
an analytic set and its complement
Y \ prY (L) = {y ∈ Y : ∀g ∈ X h
−1(g +Ay) ∈ I} = {y ∈ Y : Ay ∈ A}
is coanalytic in Y , witnessing that the family A is Π11-on-Σ
1
1.
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Now, since H ∈ A, by (the dual form of) the First Reflection Theorem (see [31, Theorem 35.10] and the
remarks following it]), the set H can be enlarged to some Borel set B ∈ A, which is Haar-I by the definition
of the family A. 
Combining Theorems 13.2 and Theorem 13.14, we obtain the following corollary first proved in [42, Propo-
sition (i)] and [19, Proposition 8].
Corollary 13.15. Let I be one of the σ-ideals M or N on the Cantor cube 2ω. Every analytic Haar-I set in
a Polish group X is contained in a Borel Haar-I subset of X.
14. Cardinal characteristics of the semi-ideals HI
In this section given a semi-ideal I on a compact Hausdorff space K /∈ I we evaluate the cardinal charac-
teristics add(HI) and cof(HI) of the semi-ideal HI on a non-locally compact Polish group.
First observe that Theorem 13.11 implies the following upper bound for the additivity of the semi-ideals
HI.
Corollary 14.1. For any Borel-on-Borel σ-ideal I with
⋃
I = 2ω /∈ I, the semi-ideal HI on any non-locally
compact Polish group X has add(HI) ≤ ω1.
Remark 14.2. By [23], [18], [22], the σ-ideals HN and HM on any non-locally compact Polish group have
add(HN ) = ω1 = add(HM) and cof(HN ) = c = cof(HM).
In fact, the proof of the equality cof(HN ) = c = cof(HM) presented in [22] works also for many semi-ideals
HI.
First we detect semi-ideals I for which the semi-ideal HI has uncountable cofinality
Proposition 14.3. Let I be a semi-ideal on a compact Hausdorff space K /∈ I such that I contains all
finite subsets of K. For any non-compact Polish group X admitting a continuous injective map K → X, the
semi-ideal HI has uncountable cofinality cof(HI).
Proof. To derive a contradiction, assume that cof(HI) ≤ ω and find a countable cofinal subfamily {Bn}n∈ω ⊂
HI. For every n ∈ ω find a continuous map fn : K → X such that f
−1
n (Bn + x) ∈ I for all x ∈ X . Taking
into account that K /∈ I, we conclude that f−1n (Bn + x) 6= K for every x ∈ X and hence fn(K) 6⊂ Bn + x.
Fix a complete invariant metric ρ generating the topology of the Polish group. Since the Polish group X is
not compact, the metric ρ is not totally bounded. Consequently, there exists ε > 0 such that for any compact
subset C ⊂ X there exists x ∈ X with infc∈C ρ(x, c) ≥ ε.
For every n ∈ ω we shall inductively choose a point xn ∈ X\Bn such that ρ(xn, xk) ≥ ε for all k < n. To start
the inductive construction, choose any point x0 ∈ X \B0. Assume that for some n ∈ N the points x0, . . . , xn−1
have been chosen. The choice of ε yields a point yn ∈ X such that ρ(yn, x) ≥ ε for all x ∈
⋃
k<n(xk − fn(K)).
By the choice of the map fn, there exists a point xn ∈ (yn + fn(K)) \ Bn. Observe that for every k < n we
have xn − yn ∈ fn(K) and by the invariance of the metric ρ,
ρ(xn, xk) = ρ(yn + (xn − yn), xk) = ρ(yn, xk − (xn − yn)) ≥ ε.
This completes the inductive step.
After completing the inductive construction, consider the closed discrete subset D = {xn}n∈ω of X . By our
assumption, the group X admits a continuous injective map f : K → X . Taking into account that the set D
is closed and discrete in X , we conclude that for any x ∈ X the intersection f(K) ∩ (D + x) is finite and so is
the set f−1(D+ x). Since the semi-ideal I contains all finite subsets of K, the map f witnesses that the set D
is Haar-I in X . By the cofinality of the family {Bn}n∈ω in HI, there exists n ∈ ω such that D ⊂ Bn, which
contradicts the choice of the point xn ∈ D \ Bn. This contradiction finishes the proof of the strict inequality
cof(HI) > ω. 
Theorem 14.4. Let I be a semi-ideal on 2ω /∈ I containing the family N of closed subsets of Haar measure
zero in 2ω. For any non-locally compact Polish group X the semi-ideal HI has cofinality cof(HI) = c.
Proof. Taking into account that each subset A ∈ HI can be enlarged to a Borel set B ∈ HI, we conclude that
cof(HI) ≤ c. By Proposition 14.3, cof(HI) > ω. If c = ω1, then the inequalities ω < cof(HI) ≤ c imply the
equality cof(HI) = c. It remains to prove the inequality cof(HI) ≥ c under the assumption ω1 < c.
In this case we shall apply Theorem 2.10 of [22]. In this theorem Elekes and Poo´r constructed a Borel map
ϕ : 2ω → F(X) to the hyperspace of closed subsets of X endowed with the Effros-Borel structure such that
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(i) ϕ(x) ∈ HN for every x ∈ 2ω and
(ii) for any compact uncountable set K ⊂ 2ω the union
⋃
x∈K ϕ(x) is thick in X .
The inclusion N ⊂ I and Theorem 11.5(1) imply HN ⊂ HI. Therefore, ϕ(x) ∈ HI for any x ∈ 2ω. Assuming
that cof(HI) < c, we could find a family B ⊂ HI of Borel subsets of X with |B| = cof(HI) < c such that
every Haar-I subset of X is contained in some set B ∈ B. In particular, for every x ∈ 2ω the closed Haar-I
set ϕ(x) is contained in some set B ∈ B. Since ω1 < c = |2ω|, by the Pigeonhole Principle, for some B ∈ B
the set ΦB := {x ∈ 2ω : ϕ(x) ⊂ B} has cardinality |ΦB | > ω1. By Lemma 2.12 [22], the set ΦB is coanalytic.
Since each coanalytic set in a Polish space is the union of ω1 many Borel sets [31, 34.5], the coanalytic set ΦB
contains an uncountable Borel subset, which contains an uncountable compact subset by [31, 29.1]. Now the
property (ii) of the map ϕ ensures that the set B ⊃
⋃
x∈ΦB
ϕ(x) is thick in X and hence cannot be Haar-I in
X . 
Problem 14.5. Given a semi-ideal I with
⋃
I = 2ω /∈ I, evaluate the cardinal characteristics cov(HI) and
non(HI) of the σ-ideal I on a Polish group X.
Remark 14.6. The cardinal characteristics of the σ-ideals HN and HM on the Polish group X = Zω were
calculated in [22] (see also [2]):
add(HN )=ω1, cov(HN )=min{b, cov(N )}, non(HN )=max{d, non(N )}, cof(HN )=c,
add(HM) = ω1, cov(HM) = cov(M), non(HM) = non(M), cof(HM) = c.
15. Generically Haar-I sets in Polish groups
Let X be a Polish group. It is well-known that for a compact metrizable space K the group C(K,X) of all
continuous functions from K to X is Polish with respect to the compact-open topology which is generated by
the sup-metric
ρˆ(f, g) = sup
x∈K
ρ(f(x), g(x)),
where ρ is any complete invariant metric generating the topology of the Polish group X .
Let F(K,X) be the subspace of C(K,X) consisting of functions f : K → X with finite image f(K). It is
clear that F(K,X) is a subgroup of the topological group C(K,X).
For a semi-ideal I on a compact metrizable space K and a subset A of a Polish group X , consider the subset
WI(A) = {f ∈ C(K,X) : ∀x ∈ X f
−1(A+ x) ∈ I} ⊂ C(K,X),
called the witness set for A. Observe that WI(A) 6= ∅ if and only if A is Haar-I.
Proposition 15.1. For any ideal I on a compact metrizable space K and any subset A of a Polish group X
we have the equality WI(A) =WI(A) + F(K,X).
Proof. Given two functions w ∈ WI(A) and f ∈ F(K,X), we should prove that the function g := w + f
belongs to WI(A). Observe that U = {f−1(x) : x ∈ X} is a finite disjoint cover of K by clopen sets. For every
nonempty set U ∈ U the image f(U) is a singleton. Consequently, for every x ∈ X we have the equality
U ∩ g−1(A+ x) = {u ∈ U : w(u) ∈ A+ x− f(u)} = U ∩w−1(A+ x− f(U)) ∈ I
and finally, g−1(A+ x) =
⋃
U∈U U ∩ g
−1(A+ x) ∈ I as I is an ideal. 
Observe that for any zero-dimensional compact metrizable space K and any Polish group X the subgroup
F(K,X) of functions with finite range is dense in the function space C(K,X). This fact combined with
Proposition 15.1 implies the following trichotomy.
Theorem 15.2. For any ideal I on a zero-dimensional compact metrizable space K and any subset A of a
Polish group X the set WI(A) has one of the following mutually exclusive properties:
1) WI(A) is empty;
2) WI(A) meager and dense in C(K,X);
3) WI(A) is a dense Baire subspace of C(K,X).
We recall that a semi-ideal I on K is Π11-on-Σ
1
1, if for any Polish space Y and any analytic set A ⊂ K × Y
the set {y ∈ Y : {x ∈ K : (x, y) ∈ A} ∈ I} is coanalytic in Y .
By [31, Theorem 29.22] for any Polish space K the ideal MK of meager sets in K is Π11-on-Σ
1
1, and by [31,
Theorems 29.22, 29.26] for any σ-additive Borel probability measure µ on a Polish space the σ-ideal Nµ is
Π11-on-Σ
1
1.
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Proposition 15.3. Let A be an analytic set in a Polish group X. Assume that a semi-ideal I on a compact
metrizable space K is Π11-on-Σ
1
1. Then the witness set WI(A) is coanalytic in the function space C(K,X).
Proof. The continuity of the functions
Φ : C(K,X)×X ×K → C(K,X)×X ×X, Φ : (h, x, a) 7→ (h, x, h(a)),
and δ : X ×X → X , δ : (x, y) 7→ y − x, implies that the set
B : = {(h, x, a) ∈ C(K,X)×X ×K : a ∈ h−1(A+ x)}
= {(h, x, a) : h(a)− x ∈ A} = Φ−1
(
C(K,X)× δ−1(A)
)
is analytic in C(K,X)×X ×K. Taking into account that the semi-ideal I is Π11-on-Σ
1
1, we conclude that the
set D = {(h, x) ∈ C(K,X)×X : h−1(A+ x) /∈ I} is analytic in C(K,X)×X and then the set
C(K,X) \WI(A) = {h ∈ C(K,X) : ∃x ∈ X h
−1(A+ x) /∈ I} = pr(D)
is analytic in C(K,X). Here by pr : C(K,X)×X → C(K,X) we denote the natural projection. 
Since coanalytic sets in Polish spaces have the Baire property, Proposition 15.3 and Theorem 15.2 imply the
following trichotomy.
Corollary 15.4. For any Π11-on-Σ
1
1 ideal I on a zero-dimensional compact metrizable space K and any analytic
subset A of a Polish group X the set WI(A) has one of the following mutually exclusive properties:
1) WI(A) is empty;
2) WI(A) meager and dense in C(K,X);
3) WI(A) is comeager in C(K,X).
We recall that a subset M of a topological space X is called comeager if its complement X \M is meager
in X . A subset M of a Polish space X is comeager if and only if M contains a dense Gδ-subset of X .
The above trichotomy motivates the following definition.
Definition 15.5. Let I be a semi-ideal on a compact metrizable space K. A subset A of a Polish group X
is called generically Haar-I if its witness set WI(A) is comeager in the function space C(K,X). By GHI we
shall denote the semi-ideal generated by Borel generically Haar-I sets in X .
Taking into account that a countable intersection of comeager sets in a Polish space is comeager, we can see
the following fact.
Proposition 15.6. For any ideal (resp. σ-ideal) I on a compact metrizable space K and any Polish group X
the family of all generically Haar-I sets in X is an invariant ideal (resp. a σ-ideal).
Generically Haar-I sets nicely behave under homomorphisms.
Proposition 15.7. Let I be a semi-ideal of subsets of a zero-dimensional compact metrizable space K. For
any surjective continuous homomorphism h : X → Y between Polish groups and any generically Haar-I set A
in Y , the preimage f−1(A) is a generically Haar-I set in X.
Proof. By [9, Theorem 1.2.6], the continuous surjective homomorphism h : X → Y is open. The homomorphism
h induces the homomorphism h# : C(K,X)→ C(K,Y ), h# : ϕ 7→ h◦ϕ. The zero-dimensional Michael Selection
Theorem [38, Theorem 2] implies that the homomorphism h# is open. Consequently, for the comeager set
WI(A) of C(K,Y ) the preimage h
−1
# (WI(A)) is comeager in C(K,X). To see that the set h
−1(A) is generically
Haar-I, it suffices to check that h−1# (WI(A)) ⊂WI(h
−1(A)).
Indeed, for any function ϕ ∈ h−1# (WI(A)) we get h ◦ ϕ ∈ WI(A), which means that for any y ∈ Y the
preimage (h ◦ ϕ)−1(A+ y) ∈ I. Then for any x ∈ X we obtain
ϕ−1(h−1(A) + x) = ϕ−1
(
h−1(A+ h(x))
)
= (h ◦ ϕ)−1(A+ h(x)) ∈ I,
which means that ϕ ∈ WI(h−1(A)). 
Theorem 15.8. Let I be semi-ideal of subsets of a zero-dimensional compact metrizable space K =
⋃
I. A
subset A of a Polish group X is generically Haar-I if the difference A−A is meager in X.
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Proof. Assuming that some set A ⊂ X has meager difference A−A in X , we shall show that A is generically
Haar-I in X . This is trivial if A is empty. So we assume that A is not empty. The set A − A, being meager
is contained in a meager Fσ-set F ⊂ X . Consider the continuous map δ : X × X → X , δ : (x, y) 7→ y − x,
and observe that it is open. This implies that δ−1(F ) is a meager Fσ-set in X ×X and its complement G =
(X×X)\δ−1(F ) is a dense Gδ-set in X×X . For a subset B ⊂ X put (B)2 = {(x, y) ∈ B×B : x 6= y} ⊂ X×X .
By Mycielski-Kuratowski Theorem [31, 19.1], the family B = {B ∈ K(X) : (B)2 ⊂ G} is a dense Gδ-set in the
hyperspace K(X). Consider the continuous map r : C(K,X)→ K(X), r : f 7→ f(K). By the continuity of r,
the preimage r−1(B) is a Gδ-set in the function space C(K,X).
Claim 15.9. The Gδ-set r
−1(B) is dense in C(K,X).
Proof. Fix a complete metric ρ generating the topology of the Polish group X . Given any nonempty open set
U ⊂ C(K,X), we should find a function f ∈ U with f(K) ∈ B.
Since K is zero-dimensional, we can find a function f ∈ U with finite range f(K). Find ε > 0 such that
each function g ∈ C(K,X) with ρˆ(g, f) < ε belongs to U . By the density of the set B in K(X), there exists
a compact set B ∈ B such that for every x ∈ f(K) there exists a point γ(x) ∈ B with ρ(x, γ(x)) < ε. Then
γ : f(K)→ B is a continuous map such that the function g := γ ◦ f : K → X has ρˆ(g, f) < ε and hence g ∈ U .
Since g(K) = γ(f(K)) ⊂ B ∈ B, the function g belongs to U ∩ r−1(B). 
Since the Polish group X contains a nonempty meager subset A − A, it is not discrete and hence contains
no isolated points. By Lemma 2.2, the set E(K,X) of injective continuous maps is a dense Gδ-set in C(K,X).
Then the intersection E(K,X)∩ r−1(B) also is a dense Gδ-set in C(K,X). To see that A is generically Haar-I,
it suffices to check that E(K,X) ∩ r−1(B) ⊂WI(A).
Take any function f ∈ E(K,X)∩r−1(B) and observe that f : K → X is an injective function with f(K) ∈ B.
We claim that for every x ∈ X the set f−1(A+ x) contains at most one point and hence belongs to the semi-
ideal I (as ∪I = K). Assuming that f−1(A+ x) contains two distinct points a, b, we conclude that f(a), f(b)
are two distinct points of A + x and hence f(a) − f(b) ∈ A − A. On the other hand, f(K) ∈ B and hence
(f(b), f(a)) ∈ (f(K))2 ⊂ G and
f(a)− f(b) = δ(f(b), f(a)) ∈ δ(G) = X \ F ⊂ X \ (A−A),
which contradicts f(a)−f(b) ∈ A−A. This contradiction shows that |f−1(A+x)| ≤ 1 and hence f−1(A+x) ∈ I.
So, f ∈WI(A). 
Corollary 15.10. Let I be a semi-ideal of subsets of a zero-dimensional compact metrizable space K =
⋃
I.
If an analytic subset A of a Polish group X is not generically Haar-I, then the difference A−A is not meager
in X and the set (A−A)− (A−A) is a neighborhood of zero in X.
Proof. If an analytic subset A ⊂ X is not generically Haar-I, then the set A − A is not meager in X by
Theorem 15.8. Since A is analytic, the difference set A − A is analytic too (being a continuous image of the
product A×A). By Corollary 3.9, the set (A−A)− (A−A) is a neighborhood of zero in X . 
Corollary 15.10 implies another corollary.
Corollary 15.11. Let I be a semi-ideal of subsets of a zero-dimensional compact metrizable space K =
⋃
I.
For any Polish group X the semi-ideals GHI and HI have the weak Steinhaus property.
Problem 15.12. Let I be a semi-ideal of subsets of a zero-dimensional compact metrizable space K =
⋃
I.
Have the σ-ideals σHI and σGHI the weak Steinhaus property for every locally compact Polish group?
Remark 15.13. By Corollary 3.7 and Theorem 5.7, the answer to Problem 15.12 is affirmative for the ideals
N and M.
Proposition 15.14. Let I be a semi-ideal on a zero-dimensional compact metrizable space K and Z be a
nonempty closed subset of K. Any generically Haar-I set A in a Polish group X is generically Haar-I|Z for
the semi-ideal I|Z = {I ∩ Z : I ∈ I} on Z.
Proof. Since A is generically Haar-I, its witness set WI(A) is comeager in the function space C(K,X). The
zero-dimensionality of K ensures that Z is a retract of K. Consequently, the restriction operator r : C(K,X)→
C(Z,X) is surjective and by [33, 4.27] is open. By Lemma 2.1, the image r(WI(A)) is comeager in C(Z,X). It
remains to observe that r(WI(A)) ⊂WI|Z(A) and conclude that the set A is generically Haar-I|Z. 
Now we explore the relation of the semi-ideal GHI to other semi-ideals on Polish groups.
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Proposition 15.15. Let I be a proper semi-ideal on a zero-dimensional compact metrizable space K. Each
generically Haar-I set B with the Baire Property in a Polish group X is meager.
Proof. For the proof by contradiction suppose that the set B is not meager in X . Since B has the Baire
property in X , for some open set U ⊂ X the symmetric difference U△B is meager in X . Since B is not
meager, the open set U is not empty. The meager set U \ B ⊂ U△B is contained in some meager Fσ-set
F ⊂ U . Then Gδ-set G = U \ F ⊂ U ∩B is dense in U .
The zero-dimensionality of K implies that C(K,G) is a dense Gδ-set in the open subset C(K,U) of the
function space C(K,X). Since the witness setWI(B) is comeager in C(K,X), the intersection C(K,G)∩WI(B)
is not empty and hence contains some function f : K → G ⊂ B. Then K = f−1(B) ∈ I which contradicts the
properness of the semi-ideal I. 
Proposition 15.16. Let I be a semi-ideal of sets with empty interiors on a compact metrizable space K. If
an Fσ-set A in a Polish group X is generically Haar-I, then it is generically Haar-M, where M is the σ-ideal
of meager sets in K.
Proof. If A is generically Haar-I in X , then the set WI(A) = {f ∈ C(K,X) : ∀x ∈ X f−1(A + x) ∈ I} is
comeager in the function space C(K,X). Observe that for every f ∈WI(A) and x ∈ X the preimage f−1(A+x)
is an Fσ-subset of K that belongs to the semi-ideal I. Assuming that the Fσ-set f−1(A + x) is not meager
in K, we can conclude that the set f−1(A + x) ∈ I has nonempty interior in K, which contradicts the choice
of the semi-ideal I. This contradiction shows that WI(A) ⊂ WM(A), which implies that the set WM(A) is
comeager in C(K,X) and A is generically Haar-M. 
Proposition 15.15 and Lemma 2.2 imply:
Corollary 15.17. Let I be a semi-ideal of subsets of a zero-dimensional compact metrizable space K. For any
Polish group X we have the inclusions
GHI ⊂M∩ EHI ⊂ EHI ⊂ HI.
Theorem 15.18. Let I be a semi-ideal on a zero-dimensional compact metrizable space K such that I ∩K(K)
is a Gδ-set in the hyperspace K(K). Then for any compact set A in a Polish group X the witness set WI(A)
is a Gδ-set in C(K,X). Consequently, A is Haar-I if and only if A is generically Haar-I.
Proof. Since I ∩K(K) is a Gδ-set in K(K), the complement K(K) \ I can be written as the union
⋃
n∈ω Kn of
an increasing sequence (Kn)n∈ω of compact sets Kn in the hyperspace K(K). It is easy to check that for every
n ∈ ω the set ↑Kn = {B ∈ K(K) : ∃D ∈ Kn D ⊂ B} is closed in K(K) and does not intersect the semi-ideal
I. Replacing each set Kn by ↑Kn, we can assume that Kn = ↑Kn for all n ∈ ω.
Observe that
C(K,X) \WI(A) =
⋃
n∈ω
{f ∈ C(K,X) : ∃x ∈ X f−1(A+ x) ∈ Kn}.
To see that WI(A) is a Gδ-set in C(K,X), it remains to prove that for every n ∈ ω the set
Fn = {f ∈ C(K,X) : ∃x ∈ X f
−1(A+ x) ∈ Kn}
is closed in C(K,X).
Take any sequence {fi}i∈ω ⊂ Fn, convergent to some function f∞ in C(K,X). The convergence of (fi)i∈ω
to f∞ implies that the subset D = f∞(K)∪
⋃
i∈ω fi(K) of X is compact. Then the set D−A ⊂ X is compact,
too.
For every i ∈ ω find a point xi ∈ X such that f
−1
i (A+xi) ∈ Kn ⊂ K(K)\I ⊂ K(K)\{∅}. It follows that the
set Ki = f
−1
i (A+xi) is not empty and hence xi belongs to the compact set fi(K)−A ⊂ D−A. Replacing the
sequence (fi)i∈ω by a suitable subsequence, we can assume that the sequence (xi)i∈ω converges to some point
x ∈ D−A and the sequence (Ki)i∈ω converges to some compact setK∞ in the compact space Kn ⊂ K(K). Then
the sequence (fi(Ki))i∈ω converges to f∞(K∞) and hence f∞(K∞) = limi→∞ fi(Ki) ⊂ limi→∞(A+xi) = A+x.
Then Kn ∋ K∞ ⊂ f−1∞ (A+ x) and hence f
−1
∞ (A+ x) ∈ ↑Kn = Kn, which means that f∞ ∈ Fn and the set Fn
is closed in C(K,X).
Therefore the witness set WI(A) of A is a Gδ-set in C(K,X). If the set A is Haar-I, then the witness set
WI(A) is not empty and hence dense in C(K,X) by Theorem 15.2. Being a dense Gδ-set, the witness set
WI(A) is comeager in C(K,X), which means that A is generically Haar-I. 
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Corollary 15.19. Let I be a σ-continuous semi-ideal on a zero-dimensional compact metrizable space K such
that I ∩ K(K) is a Gδ-set in the hyperspace K(K). Then for any σ-compact set A in a Polish group X the
witness set WI(A) is a Gδ-set in the function space C(K,X). Consequently, A is Haar-I if and only if A is
generically Haar-I.
Proof. Given a σ-compact set A ⊂ X , write it as the union A =
⋃
n∈ω An of an increasing sequence (An)n∈ω
of compact sets An ⊂ X . By Theorem 15.18, for every n ∈ ω the witness set WI(An) is a Gδ-set in C(K,X).
Since the semi-ideal I is σ-continuous, the witness set WI(A) is equal to the Gδ-set
⋂
n∈ωWI(An).
If the σ-compact set A is Haar-I, then the witness set WI(A) is nonempty and hence dense in C(K,X) by
Theorem 15.2. Now we see that the dense Gδ-set WI(A) is comeager in C(K,X), which means that the set A
is generically Haar-I. 
Remark 15.20. The papers of Solecki [44] and Zeleny´ [48] contain many examples of semi-ideals I on compact
metrizable spaces K such that I ∩ K(K) is a Gδ-set in K(K).
Now we shall evaluate the Borel complexity of the set F(X) ∩ GHI in the space F(X) of all closed subsets
of a Polish group X . We recall that the space F(X) is endowed with the Fell topology, whose Borel σ-algebra
is called the Effros-Borel structure of the hyperspace F(X). It is well-known [31, 12.6] that this structure
is standard, i.e., it is generated by a suitable Polish topology on F(X). So, we can speak of analytic and
coanalytic subsets of the standard Borel space F(X).
We shall need the following folklore fact.
Lemma 15.21. For any Polish space X the set
P := {(K,F ) ∈ K(X)×F(X) : K ∩ F 6= ∅}
is of type Gδ in K(X)×F(X).
Proof. Let ρ be a complete metric generating the topology of the Polish space X . For every n ∈ ω, fix a
countable cover Un of X by open sets of diameter <
1
2n . Taking into account that
P : = {(K,F ) ∈ K(X)×F(X) : K ∩ F 6= ∅}
=
⋂
n∈ω
⋃
U∈Un
{(K,F ) ∈ K(X)×F(X) : K ∩ U 6= ∅ 6= U ∩ F},
we see that the set P is of type Gδ in K(X)×F(X). 
Proposition 15.22. Let I be a semi-ideal on a compact metrizable space K such that K(K)∩I is a coanalytic
subset of the hyperspace K(K). Then for any Polish group X the set F(X)∩GHI is coanalytic in the standard
Borel space F(X).
Proof. Observing that for any nonempty closed subset C ⊂ K the map
Φ : F(X)× C(K,X)×X → F(X)×K(X), Φ : (F, f, x) 7→ (F, f(C) − x),
is continuous and taking into account Lemma 15.21, we conclude that the set
PC := {(F, f, x) ∈ F(X)× C(K,X)×K(X) : F ∩ (f(C)− x) 6= ∅}
is of type Gδ in F(X)× C(K,X)×X .
We claim that the map
Ψ : F(X)× C(K,X)×X → F(K), Ψ : (F, f, x) 7→ f−1(x + F ),
is Borel. We need to check that for any open set U ⊂ K and compact set C ⊂ K the sets Ψ−1(U+) and Ψ−1(C−)
are Borel in F(X)×C(K,X)×X . Here U+ := {F ∈ F(X) : F ∩U 6= ∅} and C− := {F ∈ F(X) : F ∩C = ∅}.
To see that Ψ−1(C−) is Borel, observe that
Ψ−1(C−) = {(F, f, x) ∈ F(X)× C(K,X)×X : C ∩ f−1(x+ F ) = ∅}
= {(F, f, x) ∈ F(X)× C(K,X)×X : F ∩ (f(C)− x) = ∅}
= (F(X)× C(K,X)×X) \ PC ,
is an Fσ-set in F(X)× C(K,X)×X .
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To see that Ψ−1(U+) is Borel, write U as the countable union U =
⋃
n∈ωKn of compact subsets Kn ⊂ U
and observe that
Ψ−1(U+) = {(F, f, x) ∈ F(X)× C(K,X)×X : U ∩ f−1(x+ F ) 6= ∅}
=
⋃
n∈ω
{(F, f, x) ∈ F(X)× C(K,X)×X : Kn ∩ f
−1(x+ F ) 6= ∅}
=
⋃
n∈ω
{(F, f, x) ∈ F(X)× C(K,X)×X : F ∩ (f(Kn)− x) 6= ∅} =
⋃
n∈ω
PKn ,
is a countable union of Gδ-sets.
Therefore, the map Ψ : F(X) × C(K,X) × X → F(K) is Borel. Since the set K(K) ∩ I is coanalytic in
K(K), the set F(K) ∩ I is coanalytic in F(K) = K(K) ∪ {∅} and the preimage Ψ−1(I) is coanalytic in the
standard Borel space F(X)× C(K,X)×X . Then the set
A : = {(F, f) ∈ F(X)× C(K,X) : ∃x ∈ X f−1(F + x) /∈ I}
= {(F, f) ∈ F(X)× C(K,X) : ∃x ∈ X (F, f, x) /∈ Ψ−1(I)}
is an analytic subspace of the standard Borel space F(X)× C(K,X), and its complement
W := {(F, f) ∈ F(X)× C(K,X) : ∀x ∈ X f−1(F + x) ∈ I}
is a coanalytic subset of F(X)× C(K,X).
Now [31, 36.24] implies that the set
F(X) ∩ GHI =
{
F ∈ F(X) : {f ∈ C(K,X) : (F, f) ∈W} is comeager in C(K,X)
}
is coanalytic in the standard Borel space F(X). 
Theorem 15.23. Let I be a proper σ-ideal on 2ω such that N ⊂ I and I ∩K(2ω) is a coanalytic set in K(2ω).
Each non-locally compact Polish group X contains a closed subset F ⊂ X, which is openly Haar-null, but not
generically Haar-I. Consequently, HN ◦ 6⊂ GHI and GHI 6= HI on X.
Proof. By Proposition 15.22, the set F(X) ∩ GHI is coanalytic in the standard Borel space F(X). On the
other hand, by Corollary 11.12, there exists a continuous map Φ : F(ωω) → F(X) such that Φ−1(HN ◦) =
Φ−1(HI) = CND. Then the preimage Φ−1(GHI) is a coanalytic subset of the standard Borel space F(ωω).
By a result of Hjorth [29] (mentioned in [43, p.210] and [46, 4.8]), the set CND is Σ1
1
-hard and hence is not
coanalytic. Consequently, Φ−1(GHI) 6= CND = Φ−1(HI). Taking into account that GHI ⊂ HI, we can find
a closed non-dominating subset D ∈ CND \ Φ−1(GHI). Then the closed set F = Φ(D) is openly Haar-null
and Haar-I, but not generically Haar-I. 
Corollary 15.19 and Theorem 15.23 imply the following characterization of locally compact Polish groups.
Theorem 15.24. Let I be a proper σ-ideal on 2ω such that N ⊂ I and I ∩ K(2ω) is a Gδ-set in K(2ω). For
a Polish group X the following conditions are equivalent:
1) X is locally compact;
2) each closed Haar-null set in X is generically Haar-I;
3) each closed Haar-I set in X is generically Haar-I.
For a Polish group X by σK we shall denote the family of σ-compact sets in X . It follows that for any
proper σ-ideal I on a zero-dimensional compact metrizable space K such that I ∩ K(K) is a Gδ-set in K(K)
and any Polish group we have the following diagram.
σK ∩HI σK ∩ GHI //

σGHI // σEHI //
☎☎
☎
☎
☎
☎
☎
☎
☎
☎
☎
☎
☎
☎
☎
☎
☎
σHI //

σHM

HσI //

HM
GHI //M∩EHI // EHI // HI
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If the Polish group is locally compact, then this diagram simplifies to the following form:
(1) σGHI σEHI

σHI // HσI

GHI //M∩ EHI //M∩HI.
Remark 15.25. By Corollary 15.11, for any semi-ideal I on a zero-dimensional compact metrizable space
K =
⋃
I, the Borel subgroupH /∈ σHM from Example 8.1 is generically Haar-I, witnessing that GHI 6⊂ σHM
for the Polish group X = Zω .
16. Generically Haar-I sets for some concrete semi-ideals I
In this section we shall study generically Haar-I sets for some concrete semi-ideals I on zero-dimensional
compact metrizable spaces. For such sets we reserve special names.
Definition 16.1. A subset A of a Polish group X is called
• generically Haar-null if A is generically Haar-N for the σ-ideal N of sets of Haar measure zero in 2ω;
• generically Haar-meager if A is generically Haar-M for the σ-ideal M of meager sets in 2ω;
• generically Haar-countable if A is generically Haar-[2ω]≤ω for the σ-ideal [2ω]≤ω of at most countable
sets in the Cantor cube 2ω;
• generically Haar-finite if A is generically Haar-[2ω]<ω for the ideal [2ω]<ω of all finite sets in 2ω;
• generically Haar-n for n ∈ N if A is generically Haar-[2ω]≤n for the semi-ideal [2ω]≤n consisting of
subsets of cardinality ≤ n in 2ω;
• generically null-finite if A is generically Haar-[ω+1]<ω for the ideal [ω+1]<ω of all finite sets in the
ordinal ω + 1 endowed with the order topology;
• generically null-n for n ∈ N if A is generically Haar-[ω+1]≤n for the semi-ideal [ω+1]≤n consisting of
all subsets of cardinality ≤ n in ω + 1.
For a Polish group X by GHN and GHM we denote the σ-ideals consisting of subsets of Borel subsets of X
which are generically Haar-null and generically Haar-meager, respectively.
For every subset A of a Polish group X and every n ∈ N these notions relate as follows:
generically
Haar-1
+3

generically
Haar-n
+3

generically
Haar-finite
+3

generically
Haar-countable
+3

generically
Haar-null
+3
BP
##●
●●
●●
●●
●●
●●
Fσyyss
ss
ss
ss
ss
Haar-null
generically
null-1
+3 generically
null-n
+3 generically
null-finite
generically
Haar-meager
+3 Haar-meager +3 meager
Non-trivial implications in this diagram are proved in Propositions 15.15, and 16.4. By the simple arrow with
an inscription we denote the implications (generically Haar-null set with the Baire Property is meager) and
(generically Haar-null Fσ-set is generically Haar-meager) holding under some additional assumptions.
The above diagram and Theorem 10.3 suggest the following open problem.
Problem 16.2. Let A be a generically null-finite Borel set in a Polish group X. Is A generically Haar-null
and generically Haar-meager in X?
Theorem 15.8 implies the following corollary.
Corollary 16.3. A subset A of a Polish group X is generically Haar-1 if A−A is meager in X.
Proposition 15.16 implies the following corollary.
Corollary 16.4. Let I be a semi-ideal of sets with empty interior in 2ω. Each generically Haar-I Fσ-set in
a Polish group is generically Haar-meager. In particular, each generically Haar-null Fσ-set in a Polish group
is generically Haar-meager.
Theorem 16.5. Let n ∈ N. A σ-compact subset of a Polish group is
1) generically Haar-null if and only if it is Haar-null;
2) generically Haar-meager if and only if it is Haar-meager;
3) generically Haar-n if and only if it is Haar-n;
4) generically null-n if and only if it is null-n.
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This theorem can be easily derived from Corollary 15.19 and the following lemma.
Lemma 16.6. Let K be a zero-dimensional compact metrizable space.
1) The family {C ∈ K(K) : C is meager in K} is a Gδ-set in the hyperspace K(K).
2) For any probability measure µ ∈ P (K) the family {C ∈ K(K) : µ(C) = 0} is a Gδ-set in the hyperspace
K(K).
3) The family {C ∈ K(K) : |C| ≤ n} is a closed (and hence Gδ) set in K(K).
Proof. 1. Fix a countable base B of the topology of K, consisting of nonempty clopen subsets of K. For every
U ∈ B consider the open subspace
Û =
⋃
B∋V⊂U
{C ∈ K(K) : C ∩ V = ∅}
of K(K) and observe that
{C ∈ K(K) : C is meager in K} = {C ∈ K(K) : C is nowhere dense in K} =
⋂
U∈B
Û
is a Gδ-set in K(K).
2. Fix a σ-additive Borel probability measure µ on K. The σ-additivity of the measure µ implies that the
measure µ is regular in the sense that for any ε > 0 and any closed set C ⊂ K there exists an open neighborhood
OC ⊂ K of C such that µ(OC) < µ(C) + ε. The regularity of the measure µ implies that for every ε > 0 the
set {C ∈ K(K) : µ(C) < ε} is open in K(K). Then the set
{C ∈ K(K) : µ(C) = 0} =
∞⋂
n=1
{C ∈ K(K) : µ(C) < 1n}
is of type Gδ in K(K).
3. The definition of the Vietoris topology implies that for every n ∈ N the set {C ∈ K(K) : |C| ≤ n} is
closed (and hence Gδ) in K(K). 
Lemma 16.6 and Theorem 15.24 imply the following characterization of locally compact Polish groups.
Theorem 16.7. For a Polish group X the following conditions are equivalent:
1) X is locally compact;
2) each closed Haar-null set in X is generically Haar-null;
3) each closed Haar-meager set in X is generically Haar-meager.
4) each closed Haar-null set in X is generically Haar-meager.
Remark 16.8. The equivalence (1) ⇔ (2) in Theorem 16.7 was proved by Dodos [15]. In fact, our proof of
Theorem 16.7 is a suitable modification of the proof of Corollary 9 in [15].
Now we prove characterizations of generically Haar-null and generically Haar-meager sets showing that our
definitions of such sets are equivalent to the original definitions given in [16], [17].
Theorem 16.9. A subset A of a non-discrete Polish group X is
1) generically Haar-null if and only if the set
T (A) := {µ ∈ P (X) : ∀x ∈ X µ(A+ x) = 0}
is comeager in the space P (X) of probability σ-additive Borel measures on X;
2) generically Haar-meager if and only if the set
KM(A) := {K ∈ K(X) : ∀x ∈ X K ∩ (A+ x) ∈ MK}
is comeager in the hyperspace K(X);
3) generically Haar-countable if and only if the set
K≤ω(A) := {K ∈ K(X) : ∀x ∈ X |K ∩ (A+ x)| ≤ ω}
is comeager in K(X);
4) generically Haar-finite if and only if the set
K<ω(A) := {K ∈ K(X) : ∀x ∈ X |K ∩ (A+ x)| < ω}
is comeager in K(X);
44 TARAS BANAKH, SZYMON G LA¸B, ELIZA JAB LON´SKA, JAROS LAW SWACZYNA
5) generically Haar-n for some n ∈ N if and only if the set
K≤n(A) := {K ∈ K(X) : ∀x ∈ X |K∩(A+x)| ≤ n}
is comeager in K(X).
Proof. Fix a complete metric ρ generating the topology of the Polish group X . The metric ρ induces the
complete metric ρˆ(f, g) = maxx∈2ω ρ(f(x), g(x)) on the function space C(2ω, X).
1. Consider the continuous map
Σ : C(2ω, X)ω → P (X), Σ : (fn)n∈ω 7→
∞∑
n=0
1
2n+1
Pfn(λ),
where λ is the Haar measure on the Cantor cube 2ω.
By Lemma 2.2, the subspace E(2ω, X) consisting of injective maps is dense Gδ in C(2ω, X). Consequently,
E(2ω , X)ω is dense Gδ in C(2ω, X)ω. Let D be a countable dense set in X . It is easy to see that the sets
D1 := {(fn)n∈ω ∈ C(2
ω, X)ω :
⋃
k∈ω fk(2
ω) is dense in X},
D2 := {(fn)n∈ω ∈ C(2
ω, X)ω : D ∩
⋃
n∈ω fn(2
ω) = ∅},
D3 := {(fn)n∈ω ∈ C(2
ω, X)ω : the family
(
fn(2
ω)
)
n∈ω
is disjoint}, and
D := E(2ω, X)ω ∩ D1 ∩D2 ∩ D3
are dense Gδ in C(2ω, X)ω.
Let P0(X) be the subspace of P (X) consisting of all strictly positive continuous probability measures on X .
Since the Polish group X is non-discrete, the set P0(X) is dense in P (X). Observe that Σ(D) ⊂ P0(X). The
following claim implies that Σ(D) = P0(X).
Claim 16.10. For every measure µ ∈ P0(X) and any closed nowhere dense F ⊂ X with µ(F ) = 0 there exists
a sequence ~f = (fn)n∈ω ∈ D such that Σ(~f) = µ and
⋃
n∈ω fn(2
ω) ⊂ X \ F .
Proof. Fix a countable family (Un)n∈ω of nonempty open sets in X \ F such that each nonempty open set
U ⊂ X contains some set Un.
By induction we shall construct an increasing number sequence (nk)k∈ω ∈ Nω and a function sequence
(fn)n∈ω ∈ E(2ω, X)ω such that for every k ∈ ω the following conditions hold:
(1) 2nk+1+1 · µ
(
Uk \
⋃
i≤nk
fi(2
ω)
)
> 1;
(2) fnk+1(2
ω) ⊂ Uk \
(
D ∪ F ∪
⋃
i≤nk
fi(2
ω)
)
;
(3) µ(fnk+1(S)) =
1
2nk+1+1
λ(S) for any Borel subset S ⊂ 2ω;
and for any n ∈ ω with nk < n < nk+1 we get
(4) fn(2
ω) ⊂ X \
(
D ∪ F ∪ fnk+1(2
ω) ∪
⋃
i<n fi(2
ω)
)
;
(5) µ(fn(S)) =
1
2n+1 · λ(S) for any Borel subset S ⊂ 2
ω.
To start the inductive construction, put n−1 = −1. Assume that for some k ≥ −1 we have constructed a
number nk and a sequence (fn)n≤nk satisfying the inductive assumptions (1)–(5). The density of D in X and
the inductive assumptions (2) and (4) guarantee that the compact set
⋃
n≤nk
fn(2
ω) is nowhere dense in X .
Then the open set U ′k := Uk \
(
F ∪
⋃
n≤nk
fn(2
ω)
)
is not empty and hence has positive measure µ(U ′k). So, we
can choose a number nk+1 > nk such that 2
nk+1+1 ·µ(U ′k) > 1. The continuity of the measure µ guarantees that
the dense Polish subspace Πk := U
′
k \D of U
′
k has measure µ(Πk) = µ(U
′
k). Consider the probability measure
µ′ ∈ P (Πk) defined by µ′(S) :=
µ(S∩Πk)
µ(Πk)
for a Borel subset S ⊂ Πk. For the number a =
1
2nk+1+1·µ(U ′
k
)
< 1,
Lemma 4.5 yields an injective continuous map fnk+1 : 2
ω → Πk such that for any Borel subset S ⊂ 2ω we have
µ′(fnk+1(S)) = a · λ(S) and hence
µ(fnk+1(S)) = µ(Πk) · µ
′(fnk+1(S)) = µ(U
′
k) · a · λ(S) =
1
2nk+1+1
· λ(S).
It is clear that the map fnk+1 satisfies the conditions (2), (3) of the inductive assumption.
Next, by finite induction, for every number n in the interval (nk, nk+1) we shall construct an injective
continuous map fn ∈ E(2ω, X) satisfying the conditions (4), (5) of the inductive construction. Assume that
for some n ∈ ω with nk < n < nk+1 the sequence of maps (fi)nk<i<n satisfying the conditions (4)–(5) has
been constructed. The conditions (3) and (5) guarantee that µ(fi(2
ω)) = 12i+1 for every i < n. By the
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condition (4), the family {fnk+1(2
ω)} ∪ {fi(2
ω)}i<n is disjoint. Since µ(D) = µ(F ) = 0, the Polish subspace
Xn := X \
(
D ∪ F ∪ fnk+1(2
ω) ∪
⋃
i<n fi(2
ω)
)
of X has measure
µ(Xn) = 1− µ(fnk+1(2
ω))−
∑
i<n
µ(fi(2
ω)) = 1− 1
2nk+1+1
−
∑
i<n
1
2i+1 =
1
2n −
1
2nk+1+1
> 12n+1 .
Consider the probability measure µn ∈ P (Xn) defined by µn(S) =
µ(S∩Xn)
µ(Xn)
for a Borel subset S ⊂ Xn. For
the number an =
1
2n+1·µ(Xn)
< 1, Lemma 4.5 yields an injective map fn : 2
ω → Xn such that for every Borel
subset S ⊂ 2ω we have µn(fn(S)) = an · λ(S) and hence
µ(fn(S)) = µ(Xn) · µn(fn(S)) = µ(Xn) · an · λ(S) =
1
2n+1
· λ(S),
which means that the map fn satisfies the inductive assumptions (4) and (5). This completes the inductive
step.
After completing the inductive construction, we obtain a sequence (fn)n∈ω ∈ D such that µ(fn(S)) =
1
2n+1λ(S) for every Borel subset S ⊂ 2
ω. In particular, the σ-compact set A =
⋃
n∈ω fn(2
ω) has measure
µ(A) =
∑
n∈ω
µ(fn(2
ω)) =
∑
n∈ω
1
2n+1
= 1.
We claim that µ =
∑
n∈ω
1
2n+1Pfn(λ). Indeed, for any Borel subset B ⊂ X we have
µ(B) = µ(B ∩ A) =
∑
n∈ω
µ(B ∩ fn(2
ω)) =
∑
n∈ω
µ(fn(f
−1
n (B)))
=
∑
n∈ω
1
2n+1
·λ(f−1n (B)) =
∑
n∈ω
1
2n+1
·Pfn(λ)(B).

Claim 16.11. The map Σ|D : D → P0(X) is open.
Proof. To show that the map Σ|D is open, fix any sequence (fn)n∈ω ∈ D and any open setW ⊂ D ⊂ C(2
ω, X)ω
containing (fn)n∈ω . Find m ∈ ω and ε > 0 such that each sequence (gn)n∈ω ∈ D with maxn<m ρˆ(fn, gn) < 3ε
belongs to the open set W . Find a finite disjoint open cover U of 2ω such that for every U ∈ U and every
k < m the set fk(U) has diameter < ε in X . We can assume that U is of the form U = {Us : s ∈ 2l} for some
l ∈ ω where Us = {t ∈ 2ω : t|l = s} for s ∈ 2l. In this case each set U ∈ U has Haar measure λ(U) =
1
2l
.
For a subset S ⊂ X by B(S; ε) =
⋃
x∈S B(x; ε) we denote the open ε-neighborhood of S in the metric space
(X, ρ). Since (fn)n∈ω ∈ D ⊂ D3, the family
(
fk(2
ω)
)
k∈ω
is disjoint. So, we can find a positive δ < ε such that
• the family
(
B(fk(2
ω); δ)
)
k<m
is disjoint, and
• for every k < m the family
(
B(fk(U); δ)
)
U∈U
is disjoint.
Consider the measure µ =
∑
n∈ω
1
2n+1Pfn(λ) ∈ P0(X). The density of
⋃
n∈ω fn(2
ω) in X implies that for
every U ∈ U and every k ∈ ω the δ-neighborhood B(fk(U); δ) of the nowhere dense compact set fk(U) ⊂ X \D
has measure µ(B(fk(U); δ)) >
1
2k+1 · λ(U).
Then
V :=
⋂
U∈U
⋂
n<m
{
ν ∈ P0(X) : ν
(
B(fn(U); δ)
)
> 12n+1 · λ(U)
}
is an open neighborhood of the measure µ in P0(X). We claim that V ⊂ Σ(W). Fix any measure ν ∈ V . For
every n < m and U ∈ U the δ-neighborhood B(fn(U); δ) has measure ν(B(fn(U); δ)) >
1
2n+1 · λ(U). Consider
the probability measure ν′ on X defined by ν′(S) = ν(S∩B(fn(U);δ))ν(B(fn(U);δ)) for every Borel subset S ⊂ X .
Using Lemma 4.5, for the number an,U =
λ(U)
2n+1·ν(B(fn(U);δ))
< 1 find an injective continuous map gn,U : U →
B(fn(U); δ) \D such that for every Borel subset S ⊂ U we get
ν′(gn,U (S)) = an,U ·
λ(S)
λ(U)
=
1
2n+1 · ν(B(fn(U); δ))
· λ(S)
and hence
(2) ν(gn,U (S)) = ν(B(fn(U); δ)) · ν
′(gn,U (S)) =
1
2n+1
· λ(S).
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Observe that for every x ∈ U we get
ρ(fn(x), gn,U (x)) ≤ diamB(fn(U); δ) < 2δ + diam fn(U) < 2δ + ε ≤ 3ε.
By the choice of δ, for every n < m the family
(
B(fn(U); δ)
)
U∈U
is disjoint and so is the family
(
gn,U (U)
)
U∈U
.
Then the map gn : 2
ω → X defined by gn|U = gn,U for U ∈ U , is injective and
gn(2
ω) ⊂
⋃
U∈U
B(fn(U); δ) = B(fn(2
ω); δ).
Moreover, ρˆ(gn, fn) = maxU∈U maxx∈U ρ(gn,U (x), fn(x)) < 3ε.
Since the family
(
B(fn(2
ω); δ)
)
n<m
is disjoint, so is the family (gn(2
ω))n<m. The equality (2) implies that
ν(gn(S)) =
1
2n+1 ·λ(S) for any n < m and any Borel subset S ⊂ 2
ω. In particular, ν(gn(2
ω)) = 12n+1 . Consider
the compact nowhere dense set F =
⋃
n<m gn(2
ω) and observe that it has measure ν(F ) =
∑
n<m ν(gn(2
ω)) =∑
n<m
1
2n+1 = 1−
1
2m .
Now consider the continuous probability measure ν′ ∈ P0(X) defined by ν′(S) =
ν(S\F )
ν(X\F ) = 2
m ·ν(S \F ) and
observe that ν′(F ) = 0. The strict positivity of the measure ν and the nowhere density of F in X imply that
the measure ν′ is strictly positive and hence ν′ ∈ P0(X). By Claim 16.10, there exists a sequence (g′n)n∈ω ∈ D
such that
⋃
n∈ω g
′
n(2
ω) ⊂ X \ F and ν′ =
∑
n∈ω
1
2n+1 · Pg
′
n(λ). Let gn := g
′
n−m for every n ≥ m. Observe
that the sequence (gn)n∈ω belongs to the set D and maxn<m ρˆ(gn, fn) < 3ε. So, (gn)n∈ω ∈ W . We claim that
ν =
∑
n∈ω
1
2n+1 · Pgn(λ). Indeed, for every Borel set S ⊂ X we have
ν(S) = ν(S ∩ F ) + ν(S \ F ) =
∑
n<m
ν(S ∩ gn(2
ω)) + ν(X \ F ) · ν′(S)
=
∑
n<m
ν(gn(g
−1
n (S))) +
1
2m
∑
n∈ω
1
2n+1
· Pg′n(λ)(S)
=
∑
n<m
1
2n+1
· λ(g−1n (S)) +
∑
n∈ω
1
2m+n+1
· Pgn+m(λ)(S) =
∑
n∈ω
1
2n+1
· Pgn(λ)(S).
So, ν =
∑
n∈ω
1
2n+1 · Pgn(λ) = Σ
(
(gn)n∈ω
)
∈ Σ(W). 
By [31, 8.19], the space P0(X) is Polish, being an open continuous image of the Polish space D. Then P0(X)
is a dense Gδ-set in P (X) and T (A) is comeager in P (X) if and only if T (A) ∩ P0(X) is comeager in P0(X).
Since (Σ|D)−1(T (A)) = D ∩WN (A)ω , we can apply Lemma 2.1(2) and conclude that the set T (A) ∩ P0(X) is
comeager in P0(X) if and only if D∩WN (A)
ω is comeager in D if and only ifWN (A)
ω is comeager in C(2ω, X)ω
if and only if WN (A) is comeager in C(2ω, X) if and only if A is generically Haar-null in X .
2. Now we prove the second statement of Theorem 16.9. Consider the continuous map r : E(2ω , X)→ K(X),
r : f 7→ f(2ω). By Lemma 2.2, the subspace E(2ω, X) of injective maps is dense Gδ in C(2ω, X). The image
r(E(2ω , X)) coincides with the subspace K0(X) consisting of topological copies of the Cantor cube 2
ω in X .
Claim 16.12. The surjective map r : E(2ω, X)→ K0(X) is open.
Proof. To show that r is open, fix any function f ∈ B(2ω, X). Given any ε > 0 we should find an open set
W ⊂ K0(X) such that f(2ω) ∈ W and for any compact set K ∈ W there exists an injective map g ∈ E(2ω, X)
such that ρˆ(g, f) < ε and g(2ω) = K.
By the continuity of f , there exists a finite disjoint cover V of 2ω by clopen sets such that diam f(V ) < 12ε
for every V ∈ V . Choose a positive real number δ < 14ε such that δ ≤
1
2{ρ(f(x), f(y)) : x ∈ U, y ∈ V } for any
distinct sets U, V ∈ V . We claim that the open subset
W = {K ∈ K0(X) : K ⊂
⋃
V ∈V
B(f(V ); δ)} ∩
⋂
V ∈V
{K ∈ K0(X) : K ∩B(f(V ); δ) 6= ∅}
of K0(X) has the required property.
Indeed, take any set K ∈ W . Since {K ∩ B(f(V ); δ)}V ∈V is a disjoint open cover of K, for every V ∈ V
the set KV := K ∩ B(f(V ); δ) is clopen in K. The definition of W ensures that KV is not empty. Since
K is homeomorphic to the Cantor cube, so is its clopen subspace KV . Then we can find a homeomorphism
gV : V → KV . Observe that for every x ∈ V we have
ρ(gV (x), f(x)) ≤ diamB(f(V ); δ) ≤ 2δ + diam f(V ) < ε.
Since the family
(
B(f(V ); δ)
)
V ∈V
is disjoint, the map g : 2ω → X defined by g|V = gV for V ∈ V is injective.
It is clear that ρˆ(g, f) < ε and g(2ω) = K. 
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By [25, 5.5.8], the space K0(X) is Polish, being an open continuous image of a Polish space. By [25, 3.9.A],
the Polish subspace K0(X) is a dense Gδ-set in K(X).
Observe that
WM(A) ∩ E(2
ω, X) = r−1(KM(A) ∩ K0(X)).
If the setKM(A) is comeager in K(X), thenKM(A)∩K0(X) is comeager in the dense Gδ-setK0(X) of K(X).
Then by Lemma 2.1(2), the set r−1(KM(A) ∩K0(X)) ⊂WM(A) is comeager in E(2ω, X). Since E(2ω, X) is a
dense Gδ-set in C(2ω, X), the set WM(A) is comeager in C(2ω, X), which means that A is generically Haar-M.
If A is generically Haar-M, then its witness set WM(A) is comeager in C(2ω, X), the intersection WM(A)∩
E(2ω , X) is comeager in E(2ω , X), its image r(WM(A) ∩ E(2ω, X)) = KM(A) ∩ K0(X) is comeager in K0(X)
(by Lemma 2.1), and finally the set KM(A) is comeager in K(X).
3–5. The statements (3)–(5) of Theorem 16.9 can be proved by analogy with the second statement. 
Theorem 16.13. A nonempty subset A of a Polish group X is generically Haar-n in X for some n ∈ N if the
set X ·An+1 := {(x+ a0, . . . , x+ an) : x ∈ X, a0, . . . , an ∈ A} is meager in Xn+1.
Proof. For a compact subset K ⊂ X let
Kn+1∗ = {(x0, . . . , xn) ∈ K
n+1 : |{x0, . . . , xn}| = n+ 1}
be the set of (n+ 1)-tuples consisting of pairwise distinct points of K.
Assume that the set X ·An+1 is meager in Xn+1. By Mycielski-Kuratowski Theorem [31, 19.1], the set
W∗(A) := {K ∈ K(X) : K
n+1
∗ ∩ (X ·A
n+1) = ∅}
is comeager in the hyperspace K(X). We claim that for every K ∈ W∗(A) and x ∈ X the set K ∩ (x + A)
has cardinality ≤ n. Assuming the opposite, we could find n+ 1 pairwise distinct points a0, . . . , an ∈ A such
that x + ai ∈ K for all i ≤ n. Then (x + a0, . . . , x + an) ∈ Kn+1∗ ∩ X ·A
n+1, which contradicts the inclusion
K ∈ W∗(A). This contradiction yields the inclusion W∗(A) ⊂ {K ∈ K(X) : ∀x ∈ X |K ∩ (A + x)| ≤ n}. By
Theorem 16.9(5), the set A is generically Haar-n. 
Corollary 15.11 implies:
Corollary 16.14. For any Polish group the σ-ideals GHN and GHM have the weak Steinhaus property.
Remark 16.15. The weak Steinhaus property of the σ-ideal GHN was proved by Dodos in [16, Theorem A].
Remark 16.16. For the ideals GHN and GHM on any locally compact Polish group, the diagram (1) of
inclusions obtained in the preceding section takes the following form (for two families I,J the arrow I → J
indicates that I ⊂ J ).
σGHN σHN σN //

HσN

GHN // N ∩M // N HN
and
σGHM = σHM = σM = GHM = EHM = SHM = HM =M = HσM.
These inclusions and equalities can be easily derived from Theorems 16.5, 5.7, Proposition 15.15 and Re-
mark 12.12.
Problem 16.17. Is σN 6= GHN 6= N ∩M in each non-discrete locally compact Polish group?
Remark 16.18. By Remark 15.25, GHN 6⊂ σHM in the Polish group Zω. Since σHN ⊂ σHM, this implies
the inequality GHN 6= σHN for the Polish group Zω .
Problem 16.19. Have the ideals GHM and GHN the Steinhaus property?
Problem 16.20. Is each generically Haar-null set in a Polish group Haar-meager?
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17. Haar-I sets in countable products of finite groups
In this section we check the smallness properties of some standard simple sets in countable products of finite
groups. On this way we shall find some interesting examples distinguishing between Haar-I properties for
various semi-ideals I.
For a group G let G∗ := G \ {θ} be the group with the removed neutral element.
Example 17.1. The compact metrizable group X = (Z/6Z)ω contains a closed subset A such that
1) A+A is nowhere dense in X;
2) A−A = X;
3) A is generically Haar-2 in X;
4) A cannot be written as a countable union of closed sets which are null-1 or Haar-thin in X.
Proof. Consider the cyclic group C6 := Z/6Z and observe that the set B = {6Z, 1 + 6Z, 3 + 6Z} ⊂ C6 satisfies
B − B = C6 and B + B = {6Z, 1 + 6Z, 2 + 6Z, 3 + 6Z, 4 + 6Z} 6= C6. Then for the countable power A = Bω
the set A+A is nowhere dense in X = Cω6 and A−A = X .
Observe that the set C6·B3 = {(x + b0, x + b1, x + b2) : x ∈ C6, b0, b1, b2 ∈ B} has cardinality |C6·B3| ≤
6 · 33 < 63 = |C36 |, which implies that the set
X ·A3 = {(x+ a0, x+ a1, x+ a2) : x ∈ X, a0, a1, a2 ∈ A}
is nowhere dense in X3. By Theorem 16.13, the set A is generically Haar-2 in X .
Using Baire Theorem, Proposition 10.6 and Theorem 9.6, we can show that the set A cannot be written as
a countable union of closed sets which are null-1 or Haar-thin in X . 
A subset A of a group G is called additive if A+A ⊂ A. We recall that a subset A is a group G is countably
thick if for any countable set E ⊂ G there exists x ∈ G such that E + x ⊂ A.
Example 17.2. For any sequence (Gn)n∈ω of finite cyclic groups with supn∈ω |Gn| =∞ the compact topological
group G =
∏
n∈ω Gn contains an additive σ-compact subset A ⊂ G such that
1) A is generically Haar-meager and generically Haar-null in G;
2) A is countably thick;
3) A is not null-finite and not Haar-thin;
4) A is not Haar-countable.
Proof. By a result of Haight [28], for every k ∈ N there exists a number mk ∈ N such that for every integer
number q ≥ mk the cyclic group Cq contains a subset T ⊂ Cq having two properties:
• for any set F ⊂ Cq of cardinality |F | ≤ 2k there exists x ∈ Cq such that F + x ⊂ T ;
• the sum-set T+k := {x1 + · · ·+ xk : x1, . . . , xk ∈ T } is not equal to Cq.
Since supn∈ω |Gn| = ∞, we can choose an increasing number sequence (nk)k∈N such that |Gnk | ≥ mk. For
every k ∈ N, by the definition of the number mk, there exists a subset Tnk ⊂ Gnk such that
(ak) for any set F ⊂ Gnk of cardinality |F | ≤ 2
k there exists x ∈ Gnk such that F + x ⊂ Tnk ;
(bk) the sum-set T
+k
nk
:= {x1 + · · ·+ xk : x1, . . . , xk ∈ Tnk} is not equal to Gnk .
For any n ∈ ω \ {nk}k∈ω let Tn := Gn.
In the compact topological group G =
∏
n∈ωGn consider the closed subset T :=
∏
n∈ω Tn. The conditions
(bk), k ∈ N, imply that for every r ∈ N the sum-set T+r is nowhere dense in G. In the group G consider the
dense countable subgroup
D := {(xn)n∈ω ∈ G : ∃n ∈ ω ∀m ≥ n xm = θm},
where θn is the neutral element of the group Gn.
It follows that T+ :=
⋃∞
r=1 T
+r is a meager additive σ-compact subset of G and so is the sum A := D+T+.
It remains to prove that the set A has properties (1)–(4).
First we fix some notation. Observe that the topology of the compact group X =
∏
k∈ω Gk is generated by
the ultrametric
ρ(x, y) = inf{2−n : n ∈ ω, x|n = y|n}.
For every n ∈ ω let πn : G→ Gn be the projection onto the nth coordinate.
1. Since the sum-set A+ A ⊂ A is meager in the compact topological group G, the (Borel) set A has Haar
measure zero by Theorem 3.3. By Theorem 4.1(2), the set A is Haar-null in G. By Theorem 16.5(1), A is
generically Haar-null. By Corollary 16.4, the Fσ-set A is generically Haar-meager in G.
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2. To see that A is countably thick, fix any countable set C = {cn}n∈ω in G. The conditions (ak), k ∈ N,
imply the existence of an element s ∈ G such that
{πnk(c0), . . . , πnk(c2k−1)}+ πnk(s) ∈ Tnk
for any k ∈ N. We claim that C+s ⊂ D+T ⊂ A. Indeed, for any k ∈ ω and m > nk we have πm(ck)+πm(s) ∈
Tm and hence ck + s ∈ D + T ⊂ A.
3. The countable thickness of A implies that A−A = G and A is not null-finite. Since A−A = G, the set
A is not Haar-thin by Theorem 9.6.
4. To prove that A is not Haar-countable, it suffices to show that for any uncountable compact subset
K ⊂ G there exists x ∈ G such that T ∩ (K + x) is uncountable. Replacing K by a smaller subset, we can
assume that the compact set K is homeomorphic to the Cantor cube 2ω, see [31, 6.5]. Following the lines of
the proof of Theorem 6.2 in [31], we can construct a family (Us)s∈2<ω of nonempty clopen subsets of K such
that for every k ∈ ω and s ∈ 2k ⊂ 2<ω
(i) Usˆ 0 and Usˆ 1 are disjoint clopen subsets of Us;
(ii) diam (Us) <
1
2nk .
Then K ′ =
⋃
s∈2ω
⋂
n∈ω Us|n is a compact subset of K, homeomorphic to 2
ω.
The choice of the metric ρ and the condition (ii) of the inductive construction ensure that for every k ∈ ω
the set prnk(K
′) ⊂ Gnk has cardinality |prnk(K
′)| ≤ 2k. The conditions (ak) allow us to find an element x ∈ G
such that prnk(x) + prnk(K
′) ⊂ Tnk for every k ∈ ω. Then x +K
′ ⊂ T and the set (x +K) ∩ A ⊃ x +K ′ is
uncountable. 
Example 17.3. Let (Gk)k∈ω be a sequence of non-trivial finite groups. For the closed subset A :=
∏
k∈ω G
∗
k of
the compact Polish group X =
∏
k∈ω Gk and a natural number n ∈ N the following conditions are equivalent:
1) A is Haar-n;
2) A is generically Haar-n;
3) A is null-n;
4) A is generically null-n;
5) |Gk| ≤ n+ 1 for infinitely many numbers k ∈ ω.
Proof. We shall prove the implications (5) ⇒ (2) ⇔ (1) ⇒ (3) ⇔ (4) ⇒ (5). Among these implications,
(1)⇒ (3) is trivial and the equivalences (1)⇔ (2) and (3)⇔ (4) follow from Theorem 16.5.
To prove that (5) ⇒ (2), assume that the set Ω = {k ∈ ω : |Gk| ≤ n + 1} is infinite. We claim that for
every k ∈ Ω the set Gk · (G∗k)
n+1 := {(x + a0, . . . , x + an) : x ∈ Gk, a0, . . . , an ∈ G∗k} is not equal to G
n+1
k .
This follows from the observation that for every x ∈ Gk and a0, . . . , an ∈ G
∗
k the set {x + a0, . . . , x + an}
has cardinality ≤ |G∗k| < |Gk|. On the other hand, the set G
n+1
k contains vectors (x0, . . . , xn) of cardinality
min{|Gk|, n+ 1} = |Gk|.
Then the set
∏
k∈ΩGk · (G
∗
k)
n+1 is nowhere dense in
∏
k∈ΩG
n+1
k and the set
∏
k∈ω Gk · (G
∗
k)
n+1 = X ·An+1
is nowhere dense in
∏
k∈ω G
n+1
k = X
n+1. By Theorem 16.13, the set A is generically Haar-n in X .
To prove that (3)⇒ (5), assume that the condition (5) does not hold. Then the set F = {k ∈ ω : |Gk| ≤ n+1}
is finite. In this case we shall show that the set A is not null-n in X . By Proposition 10.2, it suffices to show
that for any null sequence (zi)i∈ω in X there exists x ∈ X such that the set {i ∈ ω : zi ∈ A+x} has cardinality
> n. Since the sequence (zi)i∈ω converges to zero, for every k ∈ F there exists a number ik ∈ ω such that
for every i ≥ ik the element zi(k) is equal to the neutral element θk of the group Gk. Choose any subset
E ⊂ ω of cardinality |E| = n + 1 with minE ≥ maxk∈F ik. Next choose any function x ∈ X =
∏
k∈ω Gk
such that x(k) /∈ {zi(k) : i ∈ E} for any k ∈ ω. The choice of x is possible since for any k ∈ F we get
{zi(k)}i∈E = {θk} 6= Gk and for any k ∈ ω \ F the set {zi(k) : i ∈ E} has cardinality ≤ |E| = n + 1 < |Gk|.
The choice of x ensures that for every i ∈ E and k ∈ ω we get zi(k) 6= x(k) and hence zi(k) ∈ G∗k +x(k). Then
{zi}i∈E ⊂ A+ x, which implies that the set {i ∈ ω : zi ∈ A+ x} ⊃ E has cardinality ≥ |E| = n+ 1. 
Example 17.4. Let (Gk)k∈ω be a sequence of non-trivial finite groups. For the closed subset A :=
∏
k∈ω G
∗
k
of the compact Polish group X =
∏
k∈ω Gk the following conditions are equivalent:
1) A is Haar-countable;
2) A is Haar-finite;
3) A is null-finite;
4) A is Haar-n for some n ∈ N;
5) A is generically Haar-n for some n ∈ N;
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6) A is null-n for some n ∈ N;
7) A is generically null-n for some n ∈ N;
8) limk→∞ |Gk| 6=∞.
Proof. The equivalences (4) ⇔ (5) ⇔ (6) ⇔ (7) ⇔ (8) follow from the corresponding equivalences in Exam-
ple 17.3. The implications (4) ⇒ (2)⇒ (1, 3) are trivial and (3)⇒ (8) is proved in Example 2.4 of [4]. So, it
remains to prove (1)⇒ (8).
Assume that limk→∞ |Gk| = ∞. To prove that A is not Haar-countable, it suffices to show that for any
uncountable compact subset K ⊂ X there exists x ∈ X such that A ∩ (K + x) is uncountable.
Since limk→∞ |Gk| =∞, we can choose an increasing number sequence (kn)n∈ω such that for every n ∈ ω and
k ≥ kn the group Gk has cardinality |Gk| > 2n. Observe that the topology of the compact group X =
∏
k∈ω Gk
is generated by the ultrametric
ρ(x, y) = inf{2−n : n ∈ ω, x|n = y|n}.
Replacing K by a smaller subset, we can assume that the compact set K is homeomorphic to the Cantor
cube 2ω, see [31, 6.5]. Following the lines of the proof of Theorem 6.2 in [31], we can construct a family
(Us)s∈2<ω of nonempty clopen subsets of K such that for every n ∈ ω and s ∈ 2
n ⊂ 2<ω
(1) Usˆ 0 and Usˆ 1 are disjoint clopen subsets of Us;
(2) diam (Us) <
1
2kn+1
.
Then K ′ =
⋃
s∈2ω
⋂
n∈ω Us|n is a compact subset of K, homeomorphic to 2
ω.
For every k ∈ ω denote by prk : X → Gk, prk : x 7→ x(k), the projection of the product X =
∏
n∈ωGn onto
the k-th factor Gk. The choice of the metric ρ and the condition (2) of the inductive construction ensure that
for every n ∈ ω and k ∈ [kn, kn+1) the set prk(K
′) ⊂ Gk has cardinality |prk(K
′)| ≤ 2n < |Gk|. This allows us
to find an element x ∈ X such that x(k) + prk(K
′) ⊂ G∗k for every k ∈ ω. Then x +K
′ ⊂
∏
k∈ω G
∗
k = A and
the set (x+K) ∩ A ⊃ x+K ′ is uncountable. 
Example 17.5. Let (Gk)k∈ω be a sequence of non-trivial finite groups, X =
∏
k∈ω Gk, A :=
∏
k∈ω G
∗
k, α be
any element of A and B := {x ∈ A : x(n) = α(n) for infinitely many numbers n}. The set B has the following
properties:
1) B is a dense Gδ-set in A;
2) B −A has empty interior in X;
3) B is null-finite in X;
4) B is Haar-thin in X;
5) for any continuous map f : 2ω → A there exists x ∈ X such that f−1(B + x) /∈ σN ;
6) if limk→∞ |Gk| =∞, then B is not Haar-countable and not null-n for all n ∈ N;
7) if
∏
k∈ω
|Gk|−1
|Gk|
> 0, then B is not Haar-σN in X and consequently B does not belong to the σ-ideals
σN ⊂ HσN .
Proof. 1. For every n ∈ ω consider the closed nowhere dense set An = {x ∈ A : ∀k ≥ n x(k) 6= α(k)} in A.
Since B = A \
⋃
n∈ω An, the set B is a dense Gδ-set in A.
2. Observe that the set
D = {x ∈ X : ∃n ∈ ω ∀k ≥ n x(k) = α(k)}
is countable and dense in X . We claim that (B−A)∩D = ∅. In the opposite case, we could find points x ∈ D,
b ∈ B, a ∈ A such that x = b−a. By the definition of the set D, there exists n ∈ ω such that x(k) = α(k) for all
k ≥ n. By the definition of B, there exists k ≥ n with b(k) = α(k). Then a(k) = b(k)−x(k) = α(k)−α(k) /∈ G∗k
and hence a /∈ A, which is a desirable contradiction. So, B − A does not intersect the dense set D and hence
B −A = B − B¯ has empty interior.
3. Taking into account that the set B − B¯ = B − A has empty interior, we can apply Theorem 10.7 and
conclude that the set B is null-finite.
4. Since the set B − B ⊂ B − A has empty interior, it is not a neighborhood of zero in X . Applying
Theorem 9.6, we conclude that the set B is Haar-thin.
5. Given any continuous map f : 2ω → A, we shall find x ∈ X such that f−1(B+x) /∈ σN in 2ω. We endow
the Cantor cube with the standard product measure λ, called the Haar measure on 2ω.
For every n ∈ ω consider the clopen set Zn = {x ∈ X : x(n) = θ(n)} in X . Here by θ we denote the neutral
element of the group X . Separately we shall consider two cases.
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I) For some x ∈ X the sequence
(
λ(f−1(x + Zn))
)
n∈ω
does not converge to zero. In this case we can find
ε > 0 and an infinite set Ω ⊂ ω such that for every n ∈ Ω the set Kn := f−1(x + Zn) has Haar measure
λ(Kn) ≥ ε. Since the hyperspace K(2ω) of compact subsets of 2ω is compact, we can replace Ω by a smaller
infinite set and assume that the sequence (Kn)n∈Ω converges to some compact set K∞ ∈ K(2ω). By the
regularity of the Haar measure λ on 2ω, the set K∞ has Haar measure λ(K∞) ≥ ε. Using the regularity of the
Haar measure λ on 2ω and the convergence of the sequence (Kn)n∈Ω to K∞, we can choose an infinite subset
Λ ⊂ Ω such that the intersection K :=
⋂
n∈ΛKn has positive Haar measure. Now take the element y ∈ X
defined by
y(n) =
{
x(n) − α(n) if n ∈ Λ;
θ(n) otherwise.
The inclusions f(K) ⊂ f(Kn) ⊂ A ∩ (x+ Zn) holding for all n ∈ Λ ensure that
f(K) ⊂
∏
n∈Λ
{x(n)} ×
∏
n∈ω\Λ
G∗n = y +
∏
n∈Λ
{α(n)} ×
∏
n∈ω\Λ
G∗n ⊂ y +B
and hence the set f−1(y +B) ⊃ K does not belong to the ideals N ⊃ σN in 2ω.
II) Next, consider the second (more difficult) case: limn→∞ λ(f
−1(x + Zn)) = 0 for every x ∈ X . Our
assumption implies that
lim
n→∞
λ
(
f−1(x± α+ Zn)
)
= 0
for every x ∈ X . Here x± α+ Zn := (x+ α+ Zn) ∪ (x− α+ Zn).
For a closed subset F ⊂ X let supp (λ|F ) be the set of all points x ∈ F such that for each neighborhood
Ox ⊂ 2ω the intersection Ox ∩ F has positive measure λ(Ox ∩ F ). The σ-additivity of the measure λ implies
that λ(supp (λ|F )) = λ(F ).
On the Cantor cube 2ω we consider the metric ρ(x, y) := inf{2−n : n ∈ ω, x|n = y|n}. For a point x ∈ 2ω
and ε > 0 by B(x; ε) = {y ∈ 2ω : ρ(x, y) < ε} we denote the open ε-ball centered at x in the metric space
(2ω, ρ).
By induction we shall construct a decreasing sequence (Fn)n∈ω of closed subsets of 2
ω, a decreasing sequence
(Ωn)n∈ω of infinite subsets of ω and a sequence of points (xn)n∈ω of 2
ω such that for every n ∈ ω the following
conditions are satisfied:
(i) {xk}k≤n ⊂ Fn;
(ii) mink<n ρ(xn, xk) = maxx∈Fn−1 mink<n ρ(x, xk);
(iii) Ωn−1 \ Ωn is infinite and minΩn > n;
(iv) for every k ≤ m ≤ n we have
∑
i∈Ωn
λ(f−1(f(xn)± α+ Zi)) <
1
3n+1λ(B(xk;
1
2m ) ∩ Fn−1);
(v) for every k ≤ n and m ∈ Ωn we have
∑
m<i∈Ωn
λ(f−1(f(xn) ± α + Zi)) <
1
2λ(Wm,n(xk)) where
Wm,n(xk) := B(xk;
1
2m ) ∩ Fn−1 \
⋃
m≥i∈Ωn
f−1(f(xn)± α+ Zi);
(vi) Fn = supp (λ|En) where En = Fn−1 \
⋃
i∈Ωn
f−1(f(xn)± α+ Zi).
We start the inductive construction letting F−1 = F0 = 2
ω, Ω−1 = ω and x0 any point of F0. Observe
that for every i ∈ ω the point f(x0) does not belong to the clopen set f(x0) ± α + Zi. This implies that for
every m ∈ ω the set Wm,0(x0) = B(x0;
1
2m ) ∩ F−1 \
⋃
i≤m f
−1(f(x0) ± α + Zi) has positive Haar measure.
Since the sequence
(
λ(f−1(f(x0) ± α + Zi))
)
i∈ω
tends to zero, we can choose an infinite set Ω0 ⊂ ω with
infinite complement ω \ Ω0 such that
∑
i∈Ω0
λ(f−1(f(x0) ± α + Zi)) <
1
3 and for every m ∈ Ω0 we have∑
m<i∈Ω0
λ(f−1(f(x0) ± α + Zi)) <
1
2λ(Wm,0(x0)). It is easy to see that the sets F0,Ω0 and point x0 satisfy
the inductive conditions (i)–(vi) for n = 0.
Now assume that for some n ∈ N we have constructed closed subsets F0 ⊃ · · · ⊃ Fn−1, infinite sets
Ω0 ⊃ · · · ⊃ Ωn−1 and points x0, . . . , xn−1 ∈ Fn−1 satisfying the inductive conditions (i)–(vi). Choose any point
xn ∈ Fn−1 satisfying the inductive condition (ii). Since Fn−1 = supp (λ|Fn−1) and the sequence
(
λ(f−1(f(xn)±
α+Zi))
)
i∈ω
converges to zero, we can choose an infinite subset Ωn ⊂ Ωn−1 satisfying the inductive conditions
(iii)–(v). Put Fn = supp (λ|En) where En = Fn−1 \
⋃
i∈Ωn
f−1(f(xn)± α+ Zi).
We claim that for every k ≤ n the point xk belongs to Fn. If k < n, then xk ∈ Fn−1 = supp (λ|Fn−1) by
the inductive assumption. Taking into account that xn ∈ Fn−1 ⊂ Fk ⊂ X \
⋃
i∈Ωk
f−1(f(xk) ± α + Zi), we
conclude that f(xn) /∈ f(xk)±α+Zi for every i ∈ Ωk and hence f(xk) /∈ f(xn)±α−Zi = f(xn)±α+Zi for
every i ∈ Ωk ⊃ Ωn. Then xk ∈ En = Fn−1 \
⋃
i∈Ωn
f−1(f(xn)± α+ Zi).
Since xn /∈
⋃
i∈Ωn
f−1(f(xn)± α+ Zi), the point xn also belongs to En.
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To see that for every k ≤ n the point xk belongs to Fn := supp (λ|En), it suffices to check that for every
m ∈ Ωn the neighborhood B(xk;
1
2m ) ∩En of xk in En has positive Haar measure. For this observe that
λ(B(xk ;
1
2m ) ∩En) = λ
(
B(xk;
1
2m ) ∩ Fn−1 \
⋃
i∈Ωn
f−1(f(xn)± α+ Zi)
)
≥ λ
(
B(xk;
1
2m ) ∩ Fn−1 \
⋃
m≥i∈Ωn
f−1(f(xn)± α+ Zi)
)
−
∑
m<i∈Ωn
λ
(
f−1(f(xn)± α+ Zi)
)
= λ
(
Wm,n(xk)
)
−
∑
m<i∈Ωn
λ
(
f−1(f(xn)± α+ Zi)
)
>
(
1− 12
)
· λ(Wm,n(xk)) > 0,
by the inductive condition (v).
Thus the sets Fn, Ωn and the point xn satisfy the inductive conditions (i)–(vi).
After completing the inductive construction, consider the closed set F =
⋂
n∈ω Fn. We claim that the set F
has positive measure λ(F ). The inductive condition (iv) implies that
λ(Fn) = λ(En) ≥ λ(Fn−1)−
∑
i∈Ωn
λ(f−1(f(xn)± α+ Zi)) > λ(Fn−1)−
1
3n+1
and hence
λ(Fn) > λ(F0)−
n∑
k=1
1
3k+1
> 1−
∞∑
k=1
1
3k+1
=
5
6
.
Then λ(F ) = infn∈ω λ(Fn) ≥
5
6 . The inductive condition (i) guarantees that {xn}n∈ω ⊂ F .
Let us show that the set {xn}n∈ω is dense in F . Assuming that {xn}n∈ω is not dense in F , we can find a
point x ∈ F and positive number δ > 0 such that ρ(x, xn) ≥ δ for all n ∈ ω. Now the inductive condition (ii)
ensures that ρ(xn, xk) ≥ δ for all n > k, which contradicts the compactness of the Cantor cube 2ω.
Next, we show that for all numbers k ≤ m the set F ∩B(xk;
1
2m ) has positive Haar measure. The σ-additivity
of the measure λ ensures that λ(F ∩B(xk;
1
2m )) = infn>m λ(Fn ∩B(xk;
1
2m )). By the inductive conditions (iii)
and (iv), for every n > m we have
λ
(
B(xk;
1
2m ) ∩ Fn
)
= λ
(
B(xk;
1
2m ) ∩ En
)
= λ
(
B(xk;
1
2m ) ∩ Fn−1 \
⋃
i∈Ωn
f−1(f(xn)± α+ Zi)
)
≥ λ
(
B(xk;
1
2m ) ∩ Fn−1
)
−
∑
i∈Ωn
λ(f−1(f(xn)± α+ Zi))
> λ
(
B(xk;
1
2m ) ∩ Fn−1
)
·
(
1− 13n+1
)
and hence
λ
(
B(xk;
1
2m ) ∩ Fn
)
> λ
(
B(xk;
1
2m ) ∩ Fm
)
·
n∏
i=m+1
(
1− 13i+1
)
.
Then
λ
(
B(xk;
1
2m ) ∩ F
)
= lim
n→∞
λ
(
B(xk;
1
2m ) ∩ Fn
)
≥ λ
(
B(xk;
1
2m ) ∩ Fm
)
·
∞∏
i=m+1
(
1− 13i+1
)
> 0.
Therefore, {xn}n∈ω ⊂ supp (λ|F ) and F = {xn}n∈ω = supp (λ|F ). By the continuity of the measure λ|F
its support F has no isolated points. Then the dense set {xn}n∈ω in F also does not have isolated points.
For every n ∈ ω let yn := f(xn) ∈ A. Now consider the function y ∈ X defined by
y(i) =
{
α(i)− yn(i) if i ∈ Ωn \ Ωn+1 for some n ∈ ω;
θ(i) if i /∈ Ω0.
We claim that for every k ∈ ω the point yk + y belongs to the set B. First we show that yk + y ∈ A. The
inclusion yk + y ∈ A will follow as soon as we check that yk(i) + y(i) 6= θ(i) for all i ∈ ω. If i /∈ Ω0, then
yk(i) + y(i) = yk(i) 6= θ(i) as yk ∈ f(2ω) ⊂ A. If i ∈ Ω0, then there exists a unique number n ∈ ω such
that i ∈ Ωn \ Ωn+1 and hence yk(i) + y(i) = yk(i) + α(i) − yn(i). It follows from yk /∈ yn ± α + Zi that
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yk(i) 6= yn(i)− α(i) and hence yk(i) + y(i) = yk(i) + α(i)− yn(i) 6= θ(i). This completes the proof of inclusion
yk + y ∈ A. Next, observe that for any i ∈ Ωk \ Ωk+1 we get yk(i) + y(i) = yk(i) + α(i) − yk(i) = α(i), which
implies that yk + y ∈ B.
It follows that the Gδ-set f
−1(B − y) contains the set {xk}k∈ω. We claim that the set f
−1(B − y) does not
belong to the σ-ideal σN . In the opposite case f−1(B − y) ⊂
⋃
Z for some countable family Z of closed sets
of Haar measure zero in 2ω. Applying the Baire Theorem to the dense Polish subspace P = F ∩ f−1(B − y) of
F , we can find a nonempty open set U ⊂ F such that U ∩ P ⊂ Z for some Z ∈ Z. Taking into account that
U ∩ P is dense in U , we conclude that U ⊂ U¯ = U ∩ P ⊂ Z¯ = Z and hence U has measure λ(U) ≤ λ(Z) = 0,
which contradicts the equality F = supp (λ|F ).
6. Assuming that limk→∞ |Gk| = ∞, we shall prove that the set B is not Haar-countable. To derive a
contradiction, assume that B is Haar-countable and find an uncountable compact set K ⊂ X such that for
every x ∈ X the set (K+x)∩B is countable. By Example 17.4, the closed subset A of X is not Haar-countable,
so there exists z ∈ X such that (K + z)∩A is uncountable. Replacing K by (K + z)∩A, we can assume that
K ⊂ A. Since K ⊂ A is uncountable, there exists a continuous injective map f : 2ω → K. By Example 17.5(5),
for some x ∈ X the preimage f−1(x+B) does not belong to the σ-ideal σN in 2ω. In particular, f−1(x+B) is
uncountable. Then the intersection K ∩ (x+B) ⊃ f(f−1(x+B)) is uncountable as well. But this contradicts
the choice of K.
Next, we prove that the set B is not null-n for every n ∈ N. To derive a contradiction, assume that for some
l ∈ N the set B is null-l. Then we can find a null-sequence (zk)k∈ω in X such that |{i ∈ ω : y + zi ∈ B}| ≤ l
for every y ∈ X .
Since limk→∞ |Gk| =∞, for every n ∈ ω there exists a number kn ∈ ω such that |Gk| > n+2 for all k ≥ kn.
We can assume that kn+1 > kn for all n ∈ ω.
Replacing (zk)k∈ω by a suitable subsequence, we can assume that for every n ∈ ω and k < kn+1 the element
zn(k) is equal to the neutral element θ(k) of the group Gk. Then for every n ∈ ω and k ∈ ω with kn ≤ k < kn+1
the set {zi(k)}i∈ω is contained in {θ(k)}∪{zi(k) : i < n} and hence has cardinality |{zi(k)}i∈ω| ≤ 1+n < |Gk|.
Also, for any k < k0 we get |{zi(k)}i∈ω| = |{θk}| = 1 < |Gk|. Consequently, |{zi(k)}i∈ω | < |Gk| for all k ∈ ω,
which allows us to choose a function s ∈ X such that s+ {zi}i∈ω ⊂ A =
∏
k∈ω G
∗
k.
Choose any free ultrafilter U on the set ω. For two elements x, y ∈ X we write x =∗ y if the set {k ∈ ω :
x(k) = y(k)} belongs to the ultrafilter U . Let [ω]2 = {(i, j) ∈ ω × ω : i < j} and χ : [ω]2 → {−1, 0, 1} be the
function defined by
χ(i, j) =

1 if zj =
∗ α+ zi;
−1 if zj =∗ −α+ zi;
0 otherwise.
By the Ramsey Theorem [27], there exists an infinite subset Ω ⊂ ω such that {χ(i, j) : i, j ∈ Ω, i < j} = {c} for
some c ∈ {−1, 0, 1}. We claim that c = 0. Assuming that c ∈ {−1, 1}, choose any numbers i < j < k in Ω and
conclude that {χ(i, j), χ(j, k), χ(i, k)} = {1} implies that c·α+zi =∗ zk =∗ c·α+zj =∗ c·α+(c·α+zi) = 2·c·α+zi
and hence α =∗ 2α, which contradicts the choice of α ∈ A. This contradiction shows that c = 0.
Choose any finite subset L ⊂ Ω of cardinality |L| > l and observe that the set
U =
⋂
i,j∈L
{
k ∈ ω : zi(k)− zj(k) /∈ {α(k),−α(k)}
}
belongs to the ultrafilter U and hence is infinite.
Write U as the union U =
⋃
i∈L Ui of pairwise disjoint infinite sets. Consider the function y ∈ X defined by
the formula
y(k) =
{
α(k) − zi(k) if k ∈ Ui for some i ∈ L;
s(k) otherwise.
We claim that for every i ∈ L the element y + zi belongs to the set B. First we show that y + zi belongs
to A. This will follow as soon as we check that y(k) + zi(k) 6= θ(k) for every k ∈ ω. If k /∈ U , then
y(k)+zi(k) = s(k)+zi(k) 6= θ(k) (as s+{zj}j∈ω ⊂ A). If k ∈ U , then y(k)+zi(k) = α(k)−zj(k)+zi(k) for the
unique number j ∈ L with k ∈ Uj. The definition of the set U ⊃ Uj ∋ k guarantees that zi(k)− zj(k) 6= −α(k)
and hence y(k) + zi(k) = α(k) − zj(k) + zi(k) 6= θ(k). This completes the proof of the inclusion y + zi ∈ A.
To see that y + zi ∈ B, observe that for every k ∈ Ui we get y(k) + zi(k) = α(k)− zi(k) + zi(k) = α(k) and
hence y + zi ∈ B by the definition of B.
Therefore |{i ∈ ω : y + zi ∈ B}| ≥ |L| > l, which contradicts the choice of the sequence (zi)i∈ω .
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7. Assuming that
∏
k∈ω
|Gk|−1
|Gk|
> 0, we shall prove that the set B is not Haar-σN in X . Given any
continuous map f : 2ω → X , we should find x ∈ X such that f−1(x + B) /∈ σN . Our assumption implies
that the set A has positive Haar measure and hence is not Haar-null. Then for some x ∈ X the preimage
E = f−1(x + A) has positive Haar measure in 2ω. Let F = supp (λ|E) be the support of the measure λ|E
(assigning to each Borel subset S ⊂ 2ω the number λ(S ∩ E)). By [1, 2.12], there exists a homeomorphism
h : 2ω → F such that {h(N) : N ∈ N} = {M ⊂ F : λ(M) = 0}. Now consider the map g : 2ω → A defined by
g(z) = −x+ f ◦ h(z) for z ∈ 2ω. Since g(2ω) = −x+ f(F ) ⊂ −x+(x+A) = A, we can apply Example 17.5(5)
and find y ∈ X such that g−1(y +B) /∈ σN . Then f−1(x+ y +B) = h(g−1(y +B)) /∈ N in F and in 2ω. 
Problem 17.6. Is the Haar-null Gδ-set B from Example 17.5 generically Haar-null in X?
18. Smallness properties of additive sets and wedges in Polish groups
A subset A of a group X is called additive if A+A ⊂ A. In other words, A is a subsemigroup of X . Observe
that for a nonempty additive set A the set A−A is a subgroup of X .
For example, [0,∞)ω is an additive thick set in the Polish group Rω.
We recall that a subset A of a topological group X is called (finitely) thick if for each (finite) compact subset
K ⊂ X there is x ∈ X such that K + x ⊂ A.
Theorem 18.1. For an additive analytic set A in a Polish group X the following conditions are equivalent:
1) the subgroup A−A is not open in X;
2) the subgroup A−A is meager in X;
3) A is generically Haar-1;
4) A is null-n for some n ∈ N;
5) A is not finitely thick in any open subgroup H ⊂ X, containing A.
Proof. (1) ⇒ (2) Observe that the space A − A is analytic, being a continuous image of the analytic space
A×A. If A−A is not meager, then by Corollary 3.9, the set (A−A)− (A−A) = (A+A)− (A+A) = A−A
is a neighborhood of θ in X and hence is open in X (being a subgroup of X).
The implication (2)⇒ (3) follows from Theorem 15.8 and (3)⇒ (4) follow immediately from the definitions.
(4)⇒ (5) To derive a contradiction, assume that A is null-n for some n ∈ N and A is finitely thick in some
open subgroup H ⊂ X containing A. Since A is null-n, there exists a null-sequence (xk)k∈ω in X such that
for every s ∈ X the set {k ∈ ω : xk + s ∈ A} contains at most n numbers. Since limk→∞ xk = θ ∈ H , there
exists l ∈ ω such that xk ∈ H for all k ≥ l. Now consider the finite set F = {xk : l ≤ k ≤ l + n} in the group
H . Since A is finitely thick in H , there exists s ∈ H such that F + s ⊂ A. Then the set {k ∈ ω : xk + s ∈ A}
contains the set {l, . . . , l + n} of cardinality n+ 1, which contradicts the choice of the sequence (xk)k∈ω .
To show that (5) ⇒ (1), we shall prove that the negation of (1) implies the negation of (5). Assume that
the subgroup A − A is open in X . In this case we shall show that A is finitely thick in the open subgroup
H := A−A. Given any finite set F ⊂ H , write it as F = {x1, . . . , xn} for n = |F |. Since F ⊂ A−A, each point
xi ∈ F can be written as xi = a
+
i − a
−
i for some points a
+
i , a
−
i ∈ A. Then for the element s =
∑n
i=1 a
−
i ∈ A
and every j ∈ {1, . . . , n} we get
xj + s = a
+
j − a
−
j +
n∑
i=1
a−i =
n∑
i=1
aεii ∈ A
where εj = + and εi = − for all i ∈ {1, . . . , n} \ {j}. Therefore, F + s ⊂ A and A is finitely thick in H . 
Corollary 18.2. For a closed additive subset A of a Polish group X the following conditions are equivalent:
1) A is Haar-meager;
2) A is strongly Haar-meager;
3) A is not Haar-open;
4) A is not thick in any open subgroup H ⊂ X containing A.
Proof. The equivalence (1)⇔ (2)⇔ (3) has been proved in Theorem 7.5.
(2)⇒ (4) Assuming that A is strongly Haar-meager, find a compact subset K ⊂ X such that K ∩ (A+ x)
is meager in K for any x ∈ X . Replacing K by a suitable shift, we can assume that θ ∈ K. To derive
a contradiction, assume that A is thick in some open subgroup H ⊂ X , containing A. It follows that the
subgroup H is also closed in X . Then the set K ∩H is compact and open in K. Since A is thick in H , there
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exists an element x ∈ H such that x + (K ∩H) ⊂ A. Then K ∩ (A − x) contains the nonempty open subset
K ∩H of K and is not meager in K.
¬(3)⇒ ¬(4) If A is Haar-open, then A is not Haar-1 and by Theorem 18.1, H := A−A is an open subgroup
in X . We claim that A is thick in H . Given a compact subset K ⊂ H , we need to find x ∈ H such that
K + x ⊂ A. By Proposition 7.4, there exists a finite subset F ⊂ X such that K ⊂ F + A. Since K ∪ A ⊂ H ,
we can replace F by F ∩ H and assume that F ⊂ H . By Theorem 18.1, A is finitely thick in some open
subgroup G ⊂ X , containing A. Consequently, there exists a point x ∈ G such that x+F ⊂ A. It follows that
x ∈ A−F ⊂ H and x+K ⊂ x+F +A ⊂ A+A ⊂ A, witnessing that A is thick in the open subgroup H . 
Problem 18.3. Let A be a closed additive subset of a Polish group X. Assume that A is Haar-meager. Is A
Haar-null?
Remark 18.4. By Theorem 7.12, the answer to Problem 18.3 is affirmative for Polish groups which are
countable products of locally compact groups.
Given an additive set A in a topological group X with θ ∈ A¯, let us consider the Addition Game on A played
by two players I and II according to the following rules. The player I starts the addition game selecting a
neighborhood U1 ⊂ X of θ and the player II responds selecting a point a1 ∈ U1 ∩ A. At the nth inning the
player I selects a neighborhood Un ⊂ X of θ and the player II responds selecting a point an ∈ Un ∩ A. At the
end of the game the player I is declared a winner if the series
∑∞
n=1 an converges to some point a ∈ A. In the
opposite case the player II is a winner.
We shall say that an additive subset A of a Polish group X is winning-additive if θ ∈ A¯ and the player I
has a winning strategy in the Addition Game on A. The winning strategy of I can be thought as a function U
assigning to each finite sequence (a1, . . . , an) of points of A a neighborhood U(a1, . . . , an) of θ in X such that
for any infinite sequence (an)
∞
n=1 ∈ A
N the series
∑∞
n=1 an converges to a point of A if an ∈ U(a1, . . . , an−1)
for all n ∈ N. For n = 1 the neighborhood U( ) is the first move U1 of the player I according to the strategy U.
Proposition 18.5. An additive set A in a Polish group X is winning-additive if θ ∈ A¯ and the space A is
Polish.
Proof. Assume that θ ∈ A¯ and the space A is Polish, which means that the topology of A is generated by a
complete metric ρ ≤ 1.
Now we describe the winning strategy U of the player I in the Addition Game. The strategy is a function
U : A<ω → τθ on the family A<ω =
⋃
n∈ω A
n of finite sequences in A with values in the set τθ of neighborhoods
of θ in X .
For any n ∈ ω and a sequence (a1, . . . , an) ∈ An, consider the element sn := θ +
∑n
i=1 ai and choose a
neighborhood V ⊂ X of θ such that A ∩ (sn + V ) ⊂ {x ∈ A : ρ(sn, x) <
1
2n }. Put U(a1, . . . , an) := V .
We claim that the strategy U is winning. Indeed, fix any sequence (an)n∈N ∈ AN such that an ∈
U(a1, . . . , an−1) for any n ∈ N. Consider the sequence (sn)
∞
n=1 of partial sums sn = θ +
∑n
k=1 ak of the series∑∞
k=1 ak. Since an ∈ U(a1, . . . , an−1), the element sn = sn−1+an belongs to the ball {x ∈ A : ρ(sn−1, x) <
1
2n }
which implies that the sequence (sn)
∞
n=1 is Cauchy in the complete metric space (A, ρ) and hence converges to
some element of A. 
Another important notion involving the name of Steinhaus is defined as follows.
Definition 18.6. A subset A of a topological group X is called Steinhaus at a point x ∈ X if for any
neighborhood U ⊂ X of x the set (U ∩ A)− (U ∩ A) is a neighborhood of θ in X .
Theorem 18.7. If a winning-additive subspace A of a Polish group X is Steinhaus at θ, then A is neither
null-finite nor Haar-countable in X.
Proof. Fix a complete invariant metric ρ ≤ 1, generating the topology of the Polish group X . For an element
x ∈ X put ‖x‖ := ρ(x, 0), and for ε > 0 let B(x; ε) := {y ∈ X : ‖x− y‖ < ε} be the open ε-ball around x in
the metric space (X, ρ).
Since A is winning-additive, the player I have a winning strategy U, which is a function U : A<ω → τθ such
that for any sequence (an)n∈ω ∈ Aω the series converges to a point of A if an ∈ U(a1, . . . , an−1) for all n ∈ N.
In the following two claims we shall prove that A in not null-finite and not Haar-countable in X .
Claim 18.8. The set A is not null-finite in X.
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Proof. Given a null sequence (xn)n∈ω in X , we should find a point s ∈ X such that the set {n ∈ ω : xn+s ∈ A}
is infinite.
By induction for every k ∈ N we shall construct a neighborhood Uk ⊂ X of θ, a number nk ∈ N, and points
a+k , a
−
k ∈ A such that the following conditions are satisfied:
(1) θ ∈ Uk ⊂ B(θ;
1
2k
) ∩ U(aε11 , . . . , a
εk−1
k−1 ) for any ε1, . . . , εk−1 ∈ {+,−};
(2) nk > nk−1, xnk = a
+
k − a
−
k and a
+
k , a
−
k ∈ A ∩ Uk.
We start the inductive construction letting n0 = 1. Assume that for some k ∈ N the points a
+
i , a
−
i , 1 ≤ i < k,
have been constructed. Choose any neighborhood Uk ⊂ X of θ that satisfies the inductive condition (1). Since
A is Steinhaus at θ, the set (Uk ∩ A) − (Uk ∩ A) is a neighborhood of θ and hence it contains some point xnk
with nk > nk−1. Then xnk = a
+
k − a
−
k for some points a
+
k , a
−
k ∈ A ∩ Uk. This completes the inductive step.
Since a−k ∈ Uk ⊂ U(a
−
1 , . . . , a
−
k−1) for all k ∈ N, the series
∑∞
k=1 a
−
k converges to some point s ∈ A.
We claim that xni + s ∈ A for every i ∈ N. Indeed,
xni + s = (a
+
i − a
−
i ) +
∞∑
k=1
a−k =
∞∑
k=1
aεkk
where εi = + and εk = − for all k ∈ N \ {i}. Since a
εk
k ∈ Uk ⊂ U(a
ε1
1 , . . . , a
εk−1
k−1 ), the sum xni + s of the series∑∞
k=1 a
εk
k belongs to A. Now we see that the set {n ∈ ω : xn + s ∈ A} ⊃ {ni}
∞
i=1 is infinite, witnessing that
the set A is not null-finite. 
Claim 18.9. The set A is not Haar-countable in X.
Proof. Given any continuous map f : 2ω → X we should find an element s ∈ X such that f−1(A + s)
is not countable. If for some s ∈ X the fiber f−1(s) is uncountable, then for any a ∈ A the preimage
f−1(A+ (s− a)) ⊃ f−1(s) is uncountable and we are done. So, we assume that for each x ∈ X the set f−1(x)
is countable and hence K = f(2ω) is a compact set without isolated points in X . Replacing K by a suitable
shift, we can assume that θ ∈ K.
Consider the set 2<ω :=
⋃
k∈ω 2
k of finite binary sequences and let 2<ω0 := 2
0 ∪
⋃
n∈N 2
n
0 where 2
n
0 =
{(s0, . . . , sn−1) ∈ 2n : sn−1 = 0}. For a binary sequence s = (s0, . . . , sn−1) ∈ 2n ⊂ 2<ω by |s| we denote the
length n of s. For a number k < n let s↾k := (s0, . . . , sk−1) be the restriction of s.
Write the countable set 2<ω as 2<ω = {αi}i∈N so that {αi : 2n ≤ i < 2n+1} = 2n for all n ∈ ω. For every
k ≥ 2 let ↓k be the unique number such that α↓k = αk↾(|αk| − 1). So, ↓k is the predecessor of k in the tree
structure on N, inherited from 2<ω.
For every k ∈ N we shall inductively construct two neighborhoods Uk, Vk of θ, and points xi ∈ K, a
+
k , a
−
k ∈ Uk
such that the following conditions are satisfied:
(1) θ ∈ Uk ⊂ B(θ;
1
2k
) ∩ U(aε11 , . . . , a
εk−1
k−1 ) for any signs ε1, . . . , εk−1 ∈ {+,−};
(2) Vk := (Uk ∩A)− (Uk ∩A);
(3) x1 = θ and xk ∈ K ∩ (x↓k + Vk) if k > 1;
(4) xk = x↓k if αk ∈ 2
<ω
0 and xk 6= x↓k if αk /∈ 2
<ω
0 ;
(5) a+k , a
−
k ∈ A ∩ Uk and xk − x↓k = a
+
k − a
−
k .
We start the inductive construction letting x0 = θ. Assume that for some k ∈ N and all 1 ≤ i < k
neighborhoods Ui, Vi and points xi, a
+
i , a
−
i have been constructed so that the conditions (1)–(5) are satisfied.
Choose a neighborhood Uk satisfying the condition (1). Since A is Steinhaus at θ, the set Vk defined in the
inductive condition (2) is a neighborhood of θ in X . Taking into account that the set K ∋ θ has no isolated
points, we can find a point xk ∈ K satisfying the conditions (3), (4). The definition of the neighborhood
Vk ∋ xk − x↓k yields points a
+
k , a
−
k ∈ A ∩ Uk satisfying the condition (5). This completes the inductive step.
After completion the inductive construction, consider the series
∑∞
k=1 a
−
k , which converges to a point s ∈ A
by the choice of the winning strategy U and the conditions (1), (5). We claim that xk + s ∈ A for every k.
Find n ∈ ω with αk ∈ 2n and for every i ≤ n find a unique number ki ∈ N such that αki = αk↾i. It follows
that kn = k, k0 = 1, and ki = ↓ki+1 for 0 ≤ i < n. Then
s+ xk = s+
n∑
i=1
(xki − xki−1 ) = s+
n∑
i=1
(xki − x↓ki) =
∞∑
j=1
a−j +
n∑
i=1
(a+ki − a
−
ki
) =
∞∑
j=1
a
εj
j
where
εj =
{
+ if j = ki for some 1 ≤ i ≤ n;
− otherwise.
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The inductive conditions (1) and (5) guarantee that sum xk + s of the series
∑∞
j=1 a
εj
j belongs to the set A.
The inductive conditions (1)–(4) ensure that the set {xk + s}k∈N ⊂ (K + s) ∩ A has no isolated points.
Then its closure F in K + s has no isolated points, too. Being a compact space without isolated points, F has
cardinality of continuum. We claim that F ⊂ A.
Consider the map f : 2ω → F assigning to each binary sequence β ∈ 2ω the limit of the sequence (s+xki )i∈ω
where ki ∈ N is a unique number such that αki = β↾i. Observe that for every i > 1 we have x↓ki = xki−1 and
hence ‖xki − xki−1‖ <
2
2ki
by the inductive assumptions (1)–(3). This implies that the sequence (xki )
∞
i=1 is
Cauchy in X and hence it converges to some point xβ ∈ X such that
(3) ‖xβ − xki‖ ≤
∞∑
j=i+1
2
2kj
≤
4
2ki+1
for all i ∈ N.
It follows that xβ =
∑∞
i=1(xki − xki−1) =
∑∞
i=1(xki − x↓ki) =
∑∞
i=1(a
+
ki
− a−ki). Then
f(β) = xβ + s =
∞∑
i=1
(a+ki − a
−
ki
) +
∞∑
k=1
a−k =
∞∑
k=1
aεkk
where
εk =
{
+ if k = ki for some i ∈ N;
−, otherwise.
The inductive conditions (1) and (5) imply that the series
∑∞
k=1 a
εk
k converges to some point of A. So,
f(β) = xβ + s =
∑∞
k=1 a
εk
k ∈ A. The inequality (3) implies that the map f : 2
ω → F , f : β 7→ xβ + s is
continuous. Then f(2ω) = F by the compactness of f(2ω) and density of f(2ω) in F . Finally we conclude that
F = f(2ω) ⊂ A ∩ (K + s), witnessing that A is not Haar-countable. 

Now we will find a useful condition on a subset A of a group guaranteeing that A is Steinhaus at θ.
Lemma 18.10. Let Z be a subgroup of a topological group X. A subset A = A+Z of a topological group X is
Steinhaus at some point x ∈ X if and only if for any neighborhood U ⊂ X of x the set (U ∩A)− (U ∩A) + Z
is a neighborhood of θ in X.
Proof. The “only if” part is trivial. To prove the “if” part, assume that for any neighborhood V ⊂ X of x the
set (V ∩ A)− (V ∩ A) + Z is a neighborhood of θ in X .
To prove that A is Steinhaus at x, take any neighborhood U ⊂ X of x. By the continuity of the group
operation on X , there exists a neighborhood V ⊂ X of θ such that V + V ⊂ U − x. By our assumption, the
set ((V + x) ∩ A)− ((V + x) ∩ A) + Z is a neighborhood of θ and so is the set
W := V ∩
(
((V + x) ∩A)− ((V + x) ∩A) + Z
)
.
We claim that W ⊂ (U ∩ A) − (U ∩ A). Indeed, for any w ∈ W ⊂ V , we can find points a, b ∈ (V + x) ∩ A
and z ∈ Z such that w = a− b+ z. Then z = w + b− a and a+ z = w + b ∈ (A+ Z) ∩ (V + V + x) ⊂ A ∩ U .
Concluding, we obtain that
w = (a+ z)− b ∈ (U ∩ A)− ((V + x) ∩ A) ⊂ (U ∩ A)− (U ∩ A)
since V + x ⊂ U . 
A subset M ⊂ N is called multiplicative if M ·M ⊂ M . It is easy to check that for a multiplicative subset
M ⊂ N the set
θ
M := {θ} ∪
⋃
m∈M
{x ∈ X : mx = θ}
is a subgroup of X .
Definition 18.11. Let M be a multiplicative subset of N. A nonempty subset A of a topological group X is
called an M -wedge if A is additive, A = A + θM , and for any points a, b ∈ A and neighborhood U ⊂ X of θ
there are points u, v ∈ A ∩ U such that a = mu and b = mv for some m ∈M .
Definition 18.12. A nonempty subset A of a topological group X is called a wedge in X if A is an M -wedge
for some multiplicative subset M ⊂ N.
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Note that θ ∈ A¯ for any wedge A ⊂ X . A wedge A in a topological group is called analytic if its underlying
topological space is analytic.
Proposition 18.13. An analytic wedge A in a Polish group X is Steinhaus at θ if and only if A − A is a
neighborhood of θ in X.
Proof. The “only if” part is trivial. To prove the “if” part, assume that A − A is a neighborhood of θ in X .
Since A is additive, the set A − A is an open subgroup of X . Replacing X by A − A, we can assume that
X = A−A. Find a multiplicative subset M ⊂ N for which the wedge A is an M -wedge. Then A = A+ θM .
By Lemma 18.10, to show that A is Steinhaus at θ, it suffices to check that for any neighborhood U ⊂ X of
θ, the set (U ∩ A) + (U ∩ A) + θM is a neighborhood of θ in X . Given a neighborhood U ⊂ X of θ, choose an
open neighborhood V ⊂ X of θ such that V + V ⊂ U .
First we show that X =
⋃
m∈M mW whereW := (V ∩A)−(V ∩A). Indeed, for any element x of X = A−A,
we can find points a, b ∈ A such that x = a − b. Since A is an M -wedge, there are points u, v ∈ A ∩ V such
that a = mu and b = mv for some m ∈M . Then x = a− b = m(u− v) ∈ mW and hence A−A =
⋃
m∈M mW .
By the Baire Theorem, for some m ∈ M the (analytic) set mW is not meager and by Corollary 3.9
the set mW − mW = m(W − W ) is a neighborhood of θ. By the continuity of the map m : X → X ,
m : x 7→ mx, the set W −W + θm = m
−1(m(W −W )) is a neighborhood of θ. Now observe that W −W =
(V ∩ A) + (V ∩A)− (V ∩ A)− (V ∩ A) and (V ∩ A) + (V ∩ A) ⊂ (V + V ) ∩ A. Then
(U ∩ A)− (U ∩ A) + θM ⊃ ((V + V ) ∩ A)− ((V + V ) ∩ A) +
θ
m ⊃W −W +
θ
m
is a neighborhood of θ in X . 
Now we prove the main characterization theorem in this section.
Theorem 18.14. For any winning-additive analytic wedge A in a Polish group X the following conditions are
equivalent:
1) the subgroup A−A is not open in X;
2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-finite;
6) A is Haar-countable.
Proof. The equivalence of the conditions (1)–(3) follows from Theorem 18.1, (1) ⇔ (4) follows from Theo-
rem 9.6, and the implications (3)⇒ (5, 6) are trivial. To finish the proof it suffices to show that the negation of
(1) implies the negations of (5) and (6). So, assume that the subgroup A−A is open inX . By Proposition 18.13,
the wedge A is Steinhaus at θ and by Theorem 18.7, A is not null-finite and not Haar-countable. 
Theorem 18.14 and Proposition 18.5 imply
Corollary 18.15. For any Polish wedge A in a Polish group X the following conditions are equivalent:
1) the subgroup A−A is not open in X;
2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-finite;
6) A is Haar-countable.
Now we apply Corollary 18.15 to convex wedges in Polish vector spaces. By a Polish vector space we
understand a topological linear space over the field of real numbers, whose underlying topological space is
Polish.
A subset A of a vector space X is called a convex wedge if av + bw ∈ A for any positive real numbers s, t
and any points a, b ∈ A. A convex wedge A is called a convex cone if A ∩ (−A) = {θ}.
Since any convex wedge in a topological vector spaceX is a wedge in the topological groupX , Corollary 18.15
implies the following corollary.
Corollary 18.16. For a Polish convex wedge A in a Polish vector space X the following conditions are
equivalent:
1) the subgroup A−A is not open in X;
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2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-finite;
6) A is Haar-countable.
Remark 18.17. In Theorem 20.1 we shall show that the equivalence of the conditions (1)–(6) in Corollary 18.16
remains true for any Polish convex subset of a Polish vector space.
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19. Smallness properties of mid-convex sets in Polish groups
In this section we explore the smallness properties of mid-convex sets in (2-divisible) Polish groups. A group
X is called 2-divisible if for every a ∈ X the set 12a := {x ∈ X : x+ x = a} is not empty. In this case, for every
nonempty subset A ⊂ X and every n ∈ ω the set 12nA := {x ∈ X : 2
nx ∈ A} is not empty. Here 20x := x and
2n+1x := 2nx + 2nx for n ≥ 0. Observe that θ2n := {x ∈ X : 2
nx = θ} is a subgroup of X and so is the union
θ
2N :=
⋃
n∈N
θ
2n .
Definition 19.1. A subset A of a group X is called mid-convex if ∅ 6= 12 (a+ b) ⊂ A for any a, b ∈ A.
A standard example of a mid-convex set is a convex set in any vector space. In this case the subgroup
θ
2 =
θ
2N is trivial.
Let us establish some elementary properties of mid-convex sets in groups.
Lemma 19.2. Let n ∈ ω and A be a mid-convex set is a group X. Then
(1n)
1
2n a0 +
∑n
k=1
1
2k
ak ⊂ A for any points a0, a1, . . . , an ∈ A;
(2n) A = A+
θ
2n ;
(3) A = A+ θ2N ;
(4) A− x is mid-convex for every x ∈ X.
Proof. 1. The statement (10) trivially holds as
1
20 a0 = {a0} ⊂ A for any a0 ∈ A. Assume that the statement
(1n) holds for some n ∈ ω. To prove the statement (1n+1), take any points a0, a1, . . . , an+1 ∈ A. By the
statement (1n),
1
2n a0 +
∑n
k=1
1
2k ak+1 ⊂ A. The mid-convexity of A ensures that
1
2n+1 a0 +
n+1∑
k=1
1
2k ak =
1
2a1 +
1
2
(
1
2n a0 +
n+1∑
k=2
1
2k−1 ak
)
= 12a1 +
1
2
(
1
2n a0 +
n∑
k=1
1
2k
ak+1
)
⊂ 12a0 +
1
2A ⊂ A.
2. The statement (20) is true as A+
θ
20 = A+{θ} = A. Assume that for some n ∈ ω the equality A = A+
θ
2n
has been proved. Then for any a ∈ A and z ∈ θ2n+1 we get a + 2z ∈ A +
θ
2n and a + z ∈
1
2 (a + a + 2z) ⊂
1
2 (A + A) ⊂ A by the mid-convexity of A. Therefore, A +
θ
2n+1 ⊂ A = A + {θ} ⊂ A +
θ
2n+1 and finally,
A = A+ θ2n+1 .
3. The third statement follows from the second one.
4. For any x ∈ X and a, b ∈ A the mid-convexity of A yields ∅ 6= 12 (a + b) ⊂ A, which implies ∅ 6=
1
2 ((a− x) + (b− x)) =
1
2 (a+ b)− x ⊂ A− x. This means that the set A− x is mid-convex in X . 
Theorem 19.3. For an analytic mid-convex subset A of a Polish group X the following conditions are equiv-
alent:
1) A−A is not a neighborhood of zero in X;
2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-n for some n ∈ N.
Proof. We shall prove the implications (1)⇒ (2)⇒ (3)⇒ (5)⇒ (1)⇔ (4).
(1)⇒ (2) If A−A is not meager, then by the Piccard-Pettis Theorem 3.9 applied to the analytic set A−A,
the set B := (A − A) − (A − A) = (A + A) − (A + A) is a neighborhood of zero. By the continuity of the
homomorphism 2 : X → X , 2 : x 7→ x+x, the set 12B is a neighborhood of zero. Taking into account that the
set A is mid-convex, we conclude that 12 (A +A) = A and hence the set A− A =
1
2 (A+ A)−
1
2 (A+ A) =
1
2B
is a neighborhood of zero.
The implication (2) ⇒ (3) follows from Theorem 15.8 and (3) ⇒ (5) is trivial. The equivalence (1) ⇔ (4)
was proved in Theorem 9.6.
Now we prove the implication (5) ⇒ (1). Assuming that A − A is a neighborhood of zero, we shall prove
that A is not null-n for every n ∈ N. Given any n ∈ N and null-sequence (xk)k∈ω we should find an element
s ∈ X such that the set {k ∈ ω : xk + s ∈ A} contains at least n numbers.
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Replacing A by a suitable shift A − a, we can assume that θ ∈ A. Taking into account that A − A is
a neighborhood of θ = limk→∞ xk and replacing (xk)k∈ω by a suitable subsequence, we can assume that
2kxk ∈ A− A for all k ∈ ω. So, for every k ∈ ω, we can find elements a
+
k , a
−
k ∈ A such that 2
kxk = a
+
k − a
−
k .
By the mid-convexity of A ∋ θ, there exists a point b−k ∈ A such that 2
kb−k = a
−
k and hence b
−
k ∈
1
2k a
−
k .
Consider the element s :=
∑n
k=1 b
−
k ⊂
∑n
k=1
1
2k
a−k of the group X . We claim that xi + s ∈ A for every
i ∈ {1, . . . , n}. Indeed, by Lemma 19.2,
xi + s ∈
1
2i (a
+
i − a
−
i ) +
n∑
k=1
1
2k a
−
k =
m∑
k=1
1
2k a
εk
k ⊂
1
2m θ +
m∑
k=1
1
2k a
εk
k ⊂ A
where εi = + and εk = − for k 6= i. 
To establish more refined properties of mid-convex sets, we shall consider a convex modification of the
Addition Game, called the Convexity Game.
This game is played by two players, I and II, on a mid-convex subset A of a topological group X such that
θ ∈ A. The player I starts the game selecting a neighborhood U1 ⊂ X of θ in X and the player II responds
selecting a point a1 ∈ U1 ∩
1
2A. At the nth inning the player I chooses a neighborhood Un ⊂ X of θ in X and
the player II responds selecting a point an ∈ Un∩
1
2nA. At the end of the game the player I declared the winner
if the series
∑∞
n=1 an converges to a point of the set A. In the opposite case, II wins the Convexity Game.
Definition 19.4. A mid-convex set A of a topological group X is called winning at a point a ∈ A if the player
I has a winning strategy in the Convexity Game on A− a.
Proposition 19.5. Each Polish mid-convex set A in a Polish group X is winning at each point a ∈ A.
Proof. The space A, being Polish, admits a complete metric ρ generating the topology of A.
Now we describe a winning strategy U of the player I on the mid-convex set A−a where a ∈ A is an arbitrary
point. ReplacingA by its shift A−a, we can assume that a = θ. For every n ∈ ω and a sequence (a1, . . . , an−1) ∈
An the player I considers the sum sn = θ +
∑n−1
i=1 ai and if sn /∈ A, then I puts U(a1, . . . , an) := X . If sn ∈ A,
then the player I chooses a neighborhood V ⊂ X of θ such that A ∩ (sn + V ) ⊂ {a ∈ A : ρ(a, sn) <
1
2n } and
put U(a1, . . . , an−1) := V .
Let us show that the strategy U is winning in the Convexity game on A = A − θ. Given any sequence
(an)n∈N ∈ AN we should prove that the series
∑∞
n=1 an converges to a point of A if an ∈ U(a1, . . . , an−1)∩
1
2nA
for every n ∈ N.
Lemma 19.2 implies that for every n ∈ N the element sn :=
∑n
k=1 ak ∈
∑n
k=1
1
2k
A ⊂ 12n θ+
∑n
k=1
1
2k
A ⊂ A.
In this case the choice of U(a1, . . . , an−1) ∋ an ensures that ρ(sn, sn+1) = ρ(sn, sn+ an+1) <
1
2n , which implies
that the sequence (sn)
∞
n=1 is Cauchy in the complete metric space (A, ρ) and hence converges to some element
a ∈ A, equal to the sum of the series
∑∞
n=1 an. 
We recall that a subset A of a topological group X is Steinhaus at a point x ∈ X if for each neighborhood
U ⊂ X of x, the set (U ∩A)− (U ∩ A) is a neighborhood of θ in X .
The following lemma is the most difficult technical result of this section.
Lemma 19.6. Assume that a mid-convex set A in a Polish group X is both winning and Steinhaus at some
point a ∈ A. Then A is not null-finite and not Haar-scattered in X. Moreover, if the subgroup θ
2N
is closed in
X, then A is not Haar-countable.
Proof. Replacing A by its shift A− a, we can assume that A is winning and Steinhaus at θ.
Observe that the subgroup 〈A〉, generated by the mid-convex set A ∋ θ, is open and 2-divisible. So, we can
replace X by the open subgroup 〈A〉 and assume that the Polish group X is 2-divisible. Then the continuous
homomorphism 2 : X → X , 2 : x 7→ x+x, is surjective and hence open (by the Open Mapping Principle 3.10).
Fix a complete invariant metric ρ ≤ 1, generating the topology of the Polish group X . For an element x ∈ X
put ‖x‖ := ρ(x, 0), and for ε > 0 let B(x; ε) := {y ∈ X : ‖x−y‖ < ε} be the open ε-ball around x in the metric
space (X, ρ). Let τθ denote the family of open neighborhoods of θ in X .
Since the set A is winning at θ, the player I has a winning strategy U in the Convexity Game on A. This
strategy is a function U : A<ω → τθ assinging to each finite sequence (a1, . . . , an) ∈ A<ω an open neighborhood
U(a1, . . . , an) of θ in X such that for any sequence (an)n∈N ∈ AN the series
∑∞
n=1 an converges to a point of A
provided an ∈ U(a1, . . . , an−1) ∩
1
2nA for all n ∈ N.
In the following two claims we shall prove that the set A in not null-finite and not Haar-scattered in X .
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Claim 19.7. The set A is not null-finite in X.
Proof. Given a null sequence (xn)n∈ω in X , we should find a point s ∈ X such that the set {n ∈ ω : xn+s ∈ A}
is infinite.
By induction for every k ∈ ω we shall construct two neighborhoods Uk and Vk of θ in X , a number nk ∈ N,
and points b+k , b
−
k , a
+
k , a
−
k ∈ A such that the following conditions are satisfied:
(1) θ ∈ Uk ⊂ B(θ;
1
2k
) ∩ U(aε11 , . . . , a
εk−1
k−1 ) for any signs ε1, . . . , εk−1 ∈ {+,−};
(2) Vk := (A ∩ 2kUk)− (A ∩ 2kUk);
(3) 2kxnk ∈ Vk and nk > nk−1;
(4) b+k , b
−
k ∈ A ∩ 2
kUk and 2
kxnk ∈ b
+
k − b
−
k ;
(5) a−k , a
+
k ∈ Uk ∩
1
2k
A ⊂ A and 2ka+k = b
+
k , 2
ka−k = b
−
k .
We start the inductive construction letting n0 = 1. Assume that for some k ∈ N, the numbers n0, . . . , nk−1,
and points b+1 , . . . , b
+
k−1 and a
−
1 , . . . , a
−
k−1 have been constructed.
Choose a neighborhoodUk satisfying the condition (1). By the oppenness of the homomorphism 2
k : X → X ,
the set 2kUk is a neighborhood of θ in X . Since A is Steinhaus at θ, the set Vk := (A∩ 2kUk)− (A∩ 2kUk) is a
neighborhood of θ in X . Since limn→∞ 2
kxn = θ ∈ Vk, we can find a number nk > nk−1 such that 2kxnk ∈ Vk.
By the definition of the set Vk ∋ 2kxnk , there are two points b
+
k , b
−
k ∈ A ∩ 2
kUk such that 2
kxnk ∈ b
+
k − b
−
k .
Since b+k , b
−
k ∈ A ∩ 2
kUk, there are two points a
+
k , a
−
k ∈ Uk ∩
1
2kA ⊂ A such that 2
ka+k = b
+
k and 2
ka−k = b
−
k .
Then 2kxnk = b
+
k − b
−
k = 2
k(a+k − a
−
k ) and hence xnk ∈ a
+
k − a
−
k +
θ
2k . This completes the inductive step.
After completing the inductive construction, consider the series
∑∞
k=1 a
−
k and observe that it converges to
some element s ∈ X as
∑∞
k=1 ‖a
−
k ‖ ≤
∑∞
k=1
1
2k
= 1.
We claim that xni + s ∈ A for every i ∈ N. Indeed,
xni + s ∈ a
+
i − a
−
i +
θ
2i +
∞∑
k=1
a−k =
θ
2i +
∞∑
k=1
aεkk
where εi = + and εk = − for all k ∈ N \ {i}. The inductive conditions (1) and (5) guarantee that the series∑∞
k=1 a
εk
k converges to some point of A. Then xni + s ∈
θ
2i +
∑∞
k=1 a
εk
k ⊂
θ
2i +A = A.
Now we see that the set {n ∈ ω : xn + s ∈ A} ⊃ {ni}∞i=1 is infinite, witnessing that the set A is not
null-finite. 
Claim 19.8. The set A is not Haar-scattered in X. If the subgroup θ
2N
is closed in X or A is Polish, then A
is not Haar-countable.
Proof. Given any continuous map f : 2ω → X we should find an element s ∈ X such that f−1(A + s) is not
scattered (or uncountable). If for some s ∈ X the fiber f−1(s) is uncountable, then f−1(s) is not scattered
and the preimage f−1(A+ s) ⊃ f−1(s) is not scattered, too. So, we assume that for each x ∈ X the set f−1(x)
is countable and hence K = f(2ω) is a compact set without isolated points in X . Replacing K by a suitable
shift, we can assume that θ ∈ K.
Write the set 2<ω :=
⋃
k∈ω 2
k of finite binary sequences as 2<ω = {αi}i∈N so that 2n = {αi : 2n ≤ i < 2n+1}
for all n ∈ ω. For a number k < n let α↾k := (α0, . . . , αk−1) be the restriction of α.
For every k ≥ 2 let ↓k be the unique number such that α↓k = αk↾(|αk| − 1). So, ↓k is the predecessor of k
in the tree structure on N, inherited from the tree 2<ω = {αi}i∈N.
For every k ∈ ω we shall inductively construct three neighborhoods Uk, Vk,Wk of θ, and points xi ∈ K,
a+k , a
−
k ∈ Uk such that the following conditions are satisfied:
(1) θ ∈ Uk ⊂ B(θ;
1
2k ) ∩ U(a
ε1
1 , . . . , a
εk−1
k−1 ) for any signs ε1, . . . , εk−1 ∈ {+,−};
(2) Vk := (A ∩ 2kUk)− (A ∩ 2kUk);
(3) Wk := B(θ;
1
2k
) ∩ 1
2k
Vk;
(4) x1 = θ and xk ∈ K ∩ (x↓k +Wk) \ {x↓k} if k > 1;
(5) 2k(xk − x↓k) = b
+
k − b
−
k and b
+
k , b
−
k ∈ A ∩ 2
kUk;
(6) a+k , a
−
k ∈ Uk ∩
1
2kA ⊂ A and 2
ka+k = b
+
k , 2
ka−k = b
−
k ;
(7) xk − x↓k ∈ a
+
k − a
−
k +
θ
2k .
We start the inductive construction letting {xα}α∈20 = {θ}. Assume that for some k ∈ N and all i < k
neighborhoods Ui, Vi,Wi and points xi, b
+
i , b
−
i , a
+
i , a
−
i have been constructed so that the conditions (1)–(7) are
satisfied.
Choose a neighborhood Uk satisfying the condition (1). The openness of the homomorphism 2
k : X → X ,
2k : x 7→ 2kx, implies that 2kUk is a neighborhood of θ in X . Since A is Steinhaus at θ, the set Vk :=
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(A ∩ 2kUk)− (A ∩ 2
kUk) is a neighborhood of θ in X . By the continuity of the homomorphism 2
k : X → X ,
the set Wk := B(θ;
1
2k
) ∩ 1
2k
Vk is a neighborhood of θ in X .
Taking into account that the set K ∋ θ has no isolated points, we can choose a point xk ∈ K satisfying the
condition (4). Since xk −x↓k ∈
1
2k Vk, there are points b
+
k , b
−
k ∈ A∩ 2
kUk such that 2
k(xk −x↓k) = b
+
k − b
−
k and
points a+k , a
−
k ∈ Uk such that 2
ka+k = b
+
k and 2
ka−k = b
−
k . It follows that a
+
k ∈
1
2k
b+k ∈
1
2k
A ⊂ A and by analogy
a−k ∈
1
2k
A ⊂ A. Observe that 2k(xk − x↓k) = b
+
k − b
−
k = 2
k(a+k − a
−
k ) and hence xk − x↓k = a
+
k − a
−
k +
θ
2k
, so
the condition (7) is satisfied. This completes the inductive step.
After completing the inductive construction, consider the series
∑∞
k=1 a
−
k . The choice of the winning strategy
U and the conditions (1) and (6) guarantee that the series
∑∞
k=1 a
−
k converges to a point s ∈ A. So, s =
limm→∞ sm where sm =
∑m
k=1 a
−
k .
We claim that xk + s ∈ A for every k ∈ N. Given any k ∈ N, find a number n ∈ ω with αk ∈ 2n and for
every i ≤ n find a unique number ki ∈ N such that αki = αk↾i. It follows that kn = k, k0 = 1, and ki = ↓ki+1
for 0 ≤ i < n. Observe that for every m ≥ ki we get
sm + xk = sm +
n∑
i=1
(xki − xki−1 ) = sm +
n∑
i=1
(xki − x↓ki)
∈
m∑
j=1
a−j +
n∑
i=1
(a+ki − a
−
ki
+ θ
2ki
) ⊂ θ2k +
m∑
j=1
a
εj
j
where
εj =
{
+ if j = ki for some 1 ≤ i ≤ n;
− otherwise.
It follows that sm + xk = zm +
∑m
j=1 a
εj
j for some zm ∈
θ
2k
.
The inductive conditions (1) and (6) guarantee that the series
∑∞
j=1 a
εj
j converges to a point s
′ of the set
A. Then the sequence (zm)
∞
m=k converges to s+ xk − s
′. Since the subgroup θ2k is closed in X , the limit point
s+ xk − s
′ = limm→∞ zm belongs to
θ
2k . Then s+ xk = (s+ xk − s
′) + s′ ∈ θ2k +A = A and we are done.
The inductive conditions (3) and (4) ensure that the set {xk + s}∞k=1 ⊂ (K + s) ∩A has no isolated points.
So, A is not Haar-scattered. If A is Polish, the set A is not Haar-countable by Proposition 10.4.
Now assuming that the subgroup θ2N is closed in X , we shall show that A contains the closure F of the set
{xk+s}k∈N in K+s. This closure has no isolated points and hence is a compact uncountable set (by the Baire
Theorem).
Consider the map f : 2ω → F assigning to each binary sequence β ∈ 2ω the limit of the sequence (s+xki )i∈ω
where for every i ∈ N, ki ∈ N is a unique number such that αki = β↾i. Observe that for every i > 1 we have
x↓ki = xki−1 and hence ‖xki − xki−1‖ <
1
2ki
by the inductive assumptions (3) and (4). This implies that the
sequence (xki)
∞
i=1 is Cauchy in X and hence converges to some point xβ ∈ X such that
(4) ‖xβ − xki‖ ≤
∞∑
j=i+1
1
2kj
≤
2
2ki+1
for all i ∈ N.
By the inductive condition (7), for every i ∈ N there exists a point zi ∈
θ
2ki
⊂ θ
2N
such that xki − xki−1 =
xki − x↓ki = a
+
ki
− a−ki + zi. Then
‖zi‖ ≤ ‖xki − x↓ki‖+ ‖a
+
ki
‖+ ‖a− ki
−‖ <
1
2ki
+
2
2ki
and hence the series
∑∞
i=1 zi converges to some point z∞ of the closed subgroup
θ
2N .
It follows that xβ =
∑∞
i=1(xki − xki−1) =
∑∞
i=1(xki − x↓ki) =
∑∞
i=1(a
+
ki
− a−ki + zi) = z∞+
∑∞
i=1(a
+
ki
− a−ki).
Then
f(β) = xβ + s = z∞ +
∞∑
i=1
(a+ki − a
−
ki
) +
∞∑
k=1
a−k = z∞ +
∞∑
k=1
aεkk
where
εk =
{
+ if k = ki for some i ∈ N;
− otherwise.
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The inductive conditions (1) and (6) imply that the series
∑∞
k=1 a
εk
k converges to some point of A. Then,
f(β) = xβ + s = z∞ +
∑∞
k=1 a
εk
k ∈
θ
2N +A = A.
The inequality (4) implies that the map f : 2ω → F , f : β 7→ xβ + s, is continuous. Then f(2ω) = F by the
compactness of f(2ω) and density of f(2ω) in F . Finally we conclude that F = f(2ω) ⊂ A∩ (K+s), witnessing
that A is not Haar-countable. 

Corollary 19.9. Assume that a mid-convex Gδ-set A in a Polish group X is Steinhaus at some point a ∈ A.
Then A is not null-finite and not Haar-countable in X.
Proof. By Proposition 19.5, the mid-convex Gδ-set A, being a Polish space, is winning at the point a ∈ A. By
Lemma 19.6, A is not null-finite and not Haar-scattered. By Proposition 10.4, A is not Haar-countable. 
Lemma 19.10. A mid-convex analytic subset A of a Polish group X is Steinhaus at some point a ∈ A¯ if and
only if the set A− A is a neighborhood of zero.
Proof. The “only if” part is trivial. To prove the “if” part, assume that A−A is a neighborhood of θ. Replacing
A by a suitable shift of A, we can assume that θ ∈ A. In this case the subgroup 〈A〉 of X generated by A is
mid-convex and hence 2-divisible. Since A−A is a neighborhood of zero in X , the subgroup 〈A〉 is open in X .
Replacing X by the subgroup 〈A〉, we can assume that the group X is 2-divisible. Then the homomorphism
2 : X → X , 2 : x 7→ x+ x, is surjective and open (by the Open Mapping Principle 3.10).
Fix a complete invariant metric ρ ≤ 1, generating the topology of the Polish group X . For an element x ∈ X
put ‖x‖ := ρ(x, θ).
To prove the lemma, we shall construct inductively a sequence of points (an)n∈ω in A such that for every
n ∈ ω the point an+1 belongs to the set An := A ∩B(an;
1
2n ) and the set An −An +
θ
2n is a neighborhood of
zero in X .
We start the inductive construction choosing any point a0 ∈ A and observing that A0 = A and A0−A0+
θ
20 =
A−A is a neighborhood of zero in X .
Assume that for some n ∈ N we have constructed a point an ∈ A such that An−An+
θ
2n is a neighborhood
of zero, where An := A∩B(an;
1
2n ). Choose ε > 0 so small that B(θ; 3ε) ⊂ (An−An+
θ
2n )∩2 (B(θ;
1
2n+1 )) (the
choice of ε is possible since the homomorphism 2 : X → X is open). Let U be any countable cover of the set
An =
⋃
U by analytic subspaces of diameter < ε. Since B(θ; ε) ⊂ An−An+
θ
2n =
⋃
U,V ∈U (U−V +
θ
2n ), we can
apply the Baire Theorem and find two sets U, V ∈ U such that the (analytic) set M = B(0; ε) ∩ (U − V + θ2n )
is not meager in X . By the Piccard-Pettis Theorem 3.9, the set M − M is a neighborhood of zero in X .
The continuity of the map 2 : X → X ensures that the set 12 (M − M) is a neighborhood of zero. Since
B(θ; ε) ∩ (U − V + θ2n ) 6= ∅, there are points an+1 ∈ U, bn+1 ∈ V and z ∈
θ
2n such that ‖an+1 − bn+1 + z‖ < ε.
We claim that 12 (M −M) ⊂ An+1 −An+1 +
θ
2n+1 where An+1 := A ∩B(an+1;
1
2n+1 ).
Given any point x ∈ 12 (M −M), find points a, b ∈M = B(θ; ε) ∩ (U − V +
θ
2n ) such that 2x = a− b. Next,
find points ua, ub ∈ U , va, vb ∈ V , and za, zb ∈
θ
2n such that a = ua − va + za and b = ub − vb + zb. Then 2x =
a−b = (ua−va+za)−(ub−vb+zb) = (ua+vb+za)−(va+ub+zb) and hence x ∈
1
2 (ua+vb+za)−
1
2 (va+ub+zb).
Observe that ‖(ua+vb−z)−2an+1‖ ≤ ‖ua−an+1‖+‖vb−z−an+1‖ < ε+‖vb−bn+1‖+‖bn+1−z−an+1‖ < 3ε.
Since B(θ; 3ε) ⊂ 2
(
B(θ; 12n+1 )
)
, there exists an element s ∈ B(θ; 12n+1 ) such that 2s = (ua + vb − z)− 2an+1.
Then an+1 + s ∈
1
2 (ua + vb − z) ⊂
1
2 (U + V +
θ
2n ) ⊂
1
2 (A+A+
θ
2n ) ⊂ A by the mid-convexity of A = A+
θ
2n
and 12 (ua + vb − z) ⊂
θ
2 + an+1 + s ⊂
θ
2 + A ∩ B(an+1;
1
2n+1 ) =
θ
2 + An+1. By analogy we can show that
1
2 (va + ub − z) ⊂
θ
2 +An+1.
Then x ∈ 12 (ua+vb+za)−
1
2 (va+ub+zb) =
1
2 (ua+vb−z)−
1
2 (va+ub−z)+
1
2 (zb−za) ⊂ An+1−An+1+
θ
2n+1
and hence An+1 − An+1 +
θ
2n+1 ⊃
1
2 (M −M) is a neighborhood of zero in X . This completes the inductive
construction.
Now consider the sequence (an)n∈ω and observe that it is Cauchy (as ‖an+1 − an‖ <
1
2n for all n ∈ ω), and
hence it converges to some point a ∈ A¯ such that
‖a− an‖ ≤
∞∑
k=n
‖ak+1 − ak‖ <
∞∑
k=n
1
2k =
1
2n+1
for every n ∈ N.
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We claim A is Steinhaus at the point a. Since A = A + θ2N , it suffices to check that for any neighborhood
U ⊂ X of a the set (U ∩ A)− (U ∩ A) + θ
2N
is a neighborhood of θ in X (see Lemma 18.10).
Given any neighborhood U ⊂ X of a, find n ∈ ω such that B(a; 32n ) ⊂ U and observe that U ∩ A ⊃
B(a; 32n ) ∩A ⊃ B(an;
1
2n ) ∩A = An. Then the set (U ∩A)− (U ∩A) +
θ
2N
⊃ An −An +
θ
2n is a neighborhood
of θ in X . 
Lemma 19.10 implies
Corollary 19.11. A closed mid-convex set A in a Polish group X is Steinhaus at some point a ∈ A if and
only if A−A is a neighborhood of θ in X.
For closed mid-convex sets we can extend the characterization given in Theorem 19.3 with two more prop-
erties.
Theorem 19.12. For a closed mid-convex subset A of a Polish group X the following conditions are equivalent:
1) A−A is not a neighborhood of θ in X;
2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-finite;
6) A is Haar-countable.
Proof. The equivalence of the statements (1)–(4) was proved in Theorem 19.3. The implications (3) ⇒ (5, 6)
are trivial. To finish the proof, it suffices to show that the negation of (1) implies the negations of (5) and (6).
So, assume that A− A is a neighborhood of θ in X . By Corollary 19.11, A is Steinhaus at some point a ∈ A
and by Proposition 19.5, A is winning mid-convex at the point a. By Lemma 19.6, A is not Haar-null and not
Haar-scattered. By Proposition 10.4, A is not Haar-countable. 
We shall say that a subset A of a topological group X is
←→
mid-convex if A is mid-convex in X and for any
points a, b ∈ A and any neighborhood U ⊂ A of a there exists a point x ∈ U such that 2n(x − a) = b − a for
some n ∈ N.
For example, any convex set in a topological vector space is
←→
mid-convex.
Lemma 19.13. For a
←→
mid-convex analytic set in a Polish group X the following conditions are equivalent:
1) A is Steinhaus at some point of A;
2) A is Steinhaus at any point of A;
3) A−A is a neighborhood of θ;
4) A−A is non-meager.
Proof. (1)⇒ (2) Assuming that A is Steinhaus at some point a ∈ A, we shall prove that A is Steinhaus at any
point a′ ∈ A. Replacing A by A− a′, we can assume that a′ = θ.
Since A − A is a neighborhood of θ, the subgroup 〈A〉 generated by the mid-convex set A ∋ θ is open and
2-divisible. Replacing X by the open subgroup 〈A〉, we can assume that X is 2-divisible. In this case, the
homomorphism 2 : X → X is surjective and open (by the Open Mapping Principle 3.10).
By Lemma 18.10, the Steinhaus property of the mid-convex set A = A+ θ2N will follow as soon as we check
that for every neighborhood U ⊂ X of θ, the set (U ∩ A) − (U ∩ A) + θ2N is a neighborhood of θ in X . Given
a neighborhood U ⊂ X of θ, use the
←→
mid-convexity of A and find a point x ∈ U ∩ A such that 2nx = a for
some n ∈ N. Since the homomorphism 2n : X → X is open, the set 2nU is a neighborhood of a. Since A is
Steinhaus at a, the set (A ∩ 2nU)− (A ∩ 2nU) is a neighborhood of θ. The continuity of the homomorphism
2n ensures that the set
1
2n
(
(A ∩ 2nU)− (A ∩ 2nU)
)
⊂ (U ∩ 12nA)− (U ∩
1
2nA) +
θ
2n ⊂ (U ∩ A)− (U ∩A) +
θ
2N
is a neighborhood of θ in X .
The implications (2) ⇒ (3) ⇒ (4) are trivial. So, it remains to prove that (4) ⇒ (1). Assume that the set
A − A is not meager in X and consider the map δ : A × A → A − A, δ(x, y) 7→ x − y. Let W be the family
of open sets W ⊂ A × A whose image δ(W ) is meager in X . The space ∪W , being Lindelo¨f, coincides with
the union
⋃
W ′ of some countable subfamily W ′ of W . This implies that the image δ(∪W) =
⋃
W∈W′ δ(W ) is
meager in X ×X . Since the set δ(A×A) = A−A is not meager, there is a pair (b, c) ∈ (A×A) \
⋃
W . By the
definition of W for any neighborhoods Ub, Uc ⊂ A of b, c, the image δ(Ub × Uc) = Ub − Uc is not meager in X .
66 TARAS BANAKH, SZYMON G LA¸B, ELIZA JAB LON´SKA, JAROS LAW SWACZYNA
Now we shall prove that the set A is Steinhaus at the point c. Replacing A by the shift A−c, we can assume
that there exists a point a ∈ A such that for any open sets Uθ ∋ θ and Ua ∋ a in A, the set Uθ − Ua is not
meager in X .
By Lemma 18.10, it suffices to show that for any open neighborhood U ⊂ X of θ the set (U∩A)−(U∩A)+ θ2N
is a neighborhood of θ in X . Since the set A ∋ θ is mid-convex, so is its group hull 〈A〉 in X . Since the analytic
set A−A is not meager, the set (A−A)− (A−A) is a neighborhood of zero, which implies that the subgroup
〈A〉 is open in X . Replacing X by the subgroup 〈A〉, we can assume that the Polish group X is 2-divisible,
which implies that the homomorphism 2 : X → X is surjective and open (by the Open Mapping Principle
3.10).
By the openness of the homomorphism 2 , the set 2U = {u+ u : u ∈ U} is an open neighborhood of θ in X .
Next, choose an open neighborhood W ⊂ X of θ such that W +W ⊂ 2U . Since the set A is
←→
mid-convex, there
exist a point x ∈ W such that 2nx = a for some n ∈ N. By the openness of the homomorphism 2n : X → X
the analytic set V := A ∩ 2nW is an open neighborhood of the points θ and a in A. The choice of the points
θ and a ensures that the analytic set V − V is not meager in X . By the Piccard-Pettis Theorem 3.9, the set
V± := (V−V )−(V−V ) = (V +V )−(V+V ) is a neighborhood of θ inX . By the continuity of the homomorphism
2n+1, the set 12n+1V± is a neighborhood of θ in X . Observe that
1
2n+1V± =
1
2n+1 (V + V )−
1
2n+1 (V + V ).
To finish the proof it suffices to show that 12n+1 (V + V ) ⊂ (U ∩A) +
θ
2N . Given any point x ∈
1
2n+1 (V + V ),
find two points v1, v2 ∈ V such that 2n+1x = v1 + v2. Since v1, v2 ∈ V = A ∩ 2nW , there are points
w1, w2 ∈ W such that 2nwi = vi for i ∈ {1, 2}. It follows that wi ∈
1
2n vi ⊂
1
2nA ⊂ A (here we use
that θ ∈ A) and w1 + w2 ∈ W +W ⊂ 2U and hence w1 + w2 = u + u for some u ∈ U . It follows that
u ∈ 12 (w1 + w2) ⊂
1
2 (A+A) = A. Now observe that
x ∈ 12n+1 (v1 + v2) =
1
2n+1 (2
n(w1 + w2)) =
1
2 (w1 + w2) +
θ
2n+1
= 12 (u+ u) +
θ
2n+1 = u+
θ
2n+1 ⊂ U +
θ
2N
and hence u ∈ A ∩ (U + θ
2N
) = (A ∩ U) + θ
2N
as A = A+ θ
2N
. Finally, x ∈ u+ θ
2N
⊂ (U ∩ A) + θ
2N
. 
Theorem 19.14. Assume that a
←→
mid-convex analytic set A in a Polish group is winning at some point a ∈ A.
Then the following conditions are equivalent:
1) A−A is not a neighborhood of zero in X;
2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-finite;
6) A is Haar-scattered.
If the subgroup θ
2N
is closed in X, then the conditions (1)–(6) are equivalent to
7) A is Haar-countable.
Proof. The equivalence of the statements (1)–(4) was proved in Theorem 19.3. The implications (3) ⇒ (5, 6)
and (6)⇒ (7) are trivial. To finish the proof, it suffices to show that the negation of (1) implies the negations
of (5), (6) (and (7) if θ2N is closed in X).
So, assume that A − A is a neighborhood of θ in X . By Corollary 19.13, A is Steinhaus at the point a.
By Lemma 19.6, A is not Haar-null and not Haar-scattered. Moreover, this lemma implies that A is not
Haar-countable if the subgroup θ2N is closed in X . 
For
←→
mid-convex Gδ-sets in a Polish group we can prove the following characterziation.
Theorem 19.15. For a
←→
mid-convex Gδ-set A in a Polish group X the following conditions are equivalent:
1) A−A is not a neighborhood of zero in X;
2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-finite;
6) A is Haar-scattered;
7) A is Haar-countable.
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Proof. By Proposition 19.5, the mid-convex set A, being Polish, is winning at any point a ∈ A. By Theo-
rem 19.14, the conditions (1)–(7) are equivalent. The equivalence (6)⇔ (7) follows from Proposition 10.4. 
20. Smallness properties of convex sets in Polish vector spaces
In this section we shall apply the results of the preceding section to study smallness properties of convex
sets in Polish vector space. By a Polish vector space we understand a Polish topological linear space over the
field of real numbers.
Since convex sets in topological vector spaces are
←→
mid-convex, we can apply Theorems 19.14, 19.15 to obtain
the following characterization.
Theorem 20.1. For an analytic convex subset A of a Polish vector space X, the following conditions are
equivalent:
1) A−A is not a neighborhood of zero in X;
2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-n for some n ∈ N.
If A is Gδ-set in X, then the conditions (1)–(5) are equivalent to
6) A is null-finite;
7) A is Haar-countable.
Natural examples of winning mid-convex sets arise from considering ∞-convex sets in topological vector
spaces.
A subset A of a topological vector space X is called ∞-convex subset∞-convex if for any bounded sequence
(xn)
∞
n=1 in A the series
∑∞
n=1
1
2n xn converges to some point of A (cf. [5], [3]). We recall that a subset B of
a topological vector space X is bounded if for any neighborhood U ⊂ X of θ there exists n ∈ N such that
B ⊂ nU .
Each ∞-convex subset C of a topological vector space is convex. Indeed, for any points x, y ∈ C and any
t ∈ [0, 1] we can find a subset Ω ⊂ N such that t =
∑
n∈Ω
1
2n and observe that tx+ (1− t)y =
∑∞
n=1
1
2n xn ∈ C
where xn = x for n ∈ Ω and xn = y for n ∈ N \ Ω.
Proposition 20.2. Each ∞-convex subset A of a metric linear space X is winning mid-convex at each point
a ∈ A.
Proof. Replacing A by the shift A − a, we can assume that a = θ. Fix an invariant metric ρ generating the
topology of X and define a winning strategy of the player I in the Convexity Game on A letting U(a1, . . . , an) :=
B(θ; 14n ) for every n ∈ N and every (a1, . . . , an) ∈ A
n. To show that the strategyU is winning, take any sequence
(an)n∈N ∈ AN such that an ∈
1
2nA ∩ U(a1, . . . , an−1) ⊂ B(θ,
1
4n−1 ) for every n ∈ N. For every n ∈ N the point
2nan ∈ A has ρ(2nan, θ) ≤ 2n · ρ(an, 0) < 2n
1
4n =
1
2n , which implies that the sequence (2
nan)
∞
n=1 converges to
θ and hence is bounded in X . By the ∞-convexity of A, the series
∑∞
n=1
1
2n bn =
∑∞
n=1 an converges to some
point of the set A. 
Combining Theorem 19.14 with Proposition 20.2, we obtain the following characterization of smallness
properties of ∞-convex sets in Polish vector spaces.
Theorem 20.3. For an analytic ∞-convex subset of a Polish vector space X the following conditions are
equivalent:
1) A−A is not a neighborhood of zero in X;
2) A−A is meager in X;
3) A is generically Haar-1;
4) A is Haar-thin;
5) A is null-finite;
6) A is Haar-countable.
This corollary can be compared with the following characterization of closed convex Haar null-sets in reflexive
Banach spaces, proved in [35] and [36].
Theorem 20.4 (Matousˇkova´, Stegall). For a closed convex set A in a reflexive Banach space X the following
conditions are equivalent:
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1) A is Haar-null in X;
2) A is Haar-meager in X;
3) A is nowhere dense in X.
On the other hand, each non-reflexive Banach space contains a nowhere dense closed convex cone C ⊂ X
which is thick in the sense that for each compact subset K ⊂ X there exists x ∈ X such that K + x ⊂ C. The
thickness of C implies that C is not Haar-null and not Haar-meager.
Problem 20.5. Are the properties of Haar-nullness and Haar-meagerness equivalent for analytic convex (ad-
ditive) sets in Banach spaces?
Now we apply Theorem 20.1 to closed cones in classical Banach spaces.
Example 20.6. For any p ∈ [1,+∞), the positive convex cone ℓ+p = {(xn)n∈ω ∈ ℓp : ∀n ∈ ω xn ≥ 0} in the
Banach space ℓp has the following properties:
1) ℓ+p = ℓ
+
p + ℓ
+
p is closed and nowhere dense in ℓp;
2) ℓ+p − ℓ
+
p = ℓp;
3) ℓ+p is not null-finite and not Haar-countable;
4) ℓ+p is Haar-null and Haar-meager.
Proof. The statements (1), (2) are obvious and (3) follows from Corollary 18.16. The statement (4) was proved
in [11, Example 4.3] (see also [35, Lemma2]). 
The positive cone c+0 in the Banach space c0 has different properties.
Example 20.7. The positive convex cone c+0 = {(xn)n∈ω ∈ c0 : ∀n ∈ ω xn ≥ 0} in the Banach space c0 has
the following properties:
1) c+0 = c
+
0 + c
+
0 is closed and nowhere dense in c0;
2) c+0 − c
+
0 = c0;
3) c+0 is thick and hence not Haar-meager and not Haar-null in c0.
Proof. The statements (1) and (2) are obvious. To see that c0+ is thick, observe that each compact set K ⊂ c0
is contained in the “cube” {(xn)n∈ω ∈ c0 : ∀n ∈ ω |xn| ≤ an} for a suitable sequence a = (an)n∈ω ∈ c
+
0 (see
Example 3.2 in [11]). Then K + 2a ⊂ c+0 . 
Remark 20.8. For the Banach space c of convergent sequences the convex cone c+ = {(xn)n∈ω : ∀n ∈ ω |xn| ≥
0} is closed and has nonempty interior in c.
Finally, we apply the results obtained in this paper to evaluate the smallness properties of the set M (and
Mc) consisting of continuous functions f : [0, 1] → R that are monotone (and constant) on some nonempty
open set Uf ⊂ [0, 1], depending on f . The sets Mc ⊂ M are considered as subsets of the Banach space
C[0, 1] of all continuous real-valued functions on [0, 1]. The Banach space C[0, 1] is endowed with the norm
‖f‖ = maxx∈[0,1] |f(x)|.
By Examples 6.1.2 and 6.2.1 in [20], the set M is Haar-null and Haar-meager in C[0, 1]. We shall establish
more refined (and strange) properties of the sets M and Mc.
Example 20.9. The sets Mc ⊂M in the Banach space X := C[0, 1] have the following properties:
1) M is a countable union of closed convex sets in X;
2) M is (generically) Haar-countable in X;
3) Mc is countably thick in X;
4) Mc is not null-finite in X;
5) Mc is not Haar-scattered in X;
6) Mc is not Haar-thin in X.
Proof. 1,2. Fix a countable base B of the topology of [0, 1], consisting of nonempty open connected subsets
of [0, 1]. For every B ∈ B let M+B (resp. M
−
B ) be the set of all functions f ∈ C[0, 1] that are non-decreasing
(resp. non-increasing) on the interval B. It is clear that M+B = −M
−
B and M
−
B = −M
+
B are closed convex
subsets of C[0, 1]. It is well-known that the set M−B −M
−
B = M
+
B −M
+
B consists of functions f ∈ C[0, 1] that
have bounded variation on the closed interval B¯. So, M−B −M
−
B = M
+
B −M
+
B is not a neighborhood of zero
in C[0, 1]. By Theorem 20.1, the closed convex sets M−B and M
+
B are generically Haar-1 and hence generically
Haar-countable in C[0, 1]. By Proposition 15.6, the set M =
⋃
B∈B(M
+
B ∪M
−
B ) is generically Haar-countable
in C[0, 1].
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3. Given any countable set D = {fn}n∈ω in C[0, 1], for every n ∈ ω use the continuity of fn at the point
bn =
1
2n and find a real number an such that
1
2n+1 < an < bn and |fn(x) − f(bn)| <
1
2n for every x ∈ [an, bn].
Let g ∈ C[0, 1] be any continuous function such that g(x) = fn(bn) − fn(x) for every n ∈ ω and x ∈ [an, bn].
It is clear that g + fn is constant on each interval [an, bn], so g + D ⊂ Mc, which means that the set Mc is
countably thick in X = C[0, 1].
4,5,6. The countable thickness ofMc implies thatMc is not null-finite and not Haar-scattered. This property
also implies that Mc −Mc = X . By Theorem 9.6, the set Mc is not Haar-thin. 
21. Steinhaus properties of various semi-ideals
In this section we present two tables summing up the results and open problems related to (strong or weak)
Steinhaus properties of various semi-ideals in Polish groups. In these tables we assume that
• either I is a semi-ideal on the Cantor cube 2ω such that I ⊂ σN and
⋃
I = 2ω;
• or I is a semi-ideal on an infinite countable space K such that
⋃
I = K and I ⊂ [K]≤n for some
n ∈ N.
For a Polish group X by NF we denote the semi-ideal of null-finite sets in X . By [32], the semi-ideal NF is
not an ideal.
Semi-ideal strong Steinhaus Steinhaus weak Steinhaus
M=HM=GHM=σM Yes [3.4] Yes [3.4] Yes [3.4]
N = HN Yes [3.3] Yes [3.3] Yes [3.3]
M∩N No [3.6] Yes [3.5] Yes [3.5]
HT = EHT No [3.6+9.3] Yes [9.6] Yes [9.6]
GHN No [17.2] ? [16.19] Yes [15.11]
σN No [3.6] No [3.8] Yes [3.7]
HI No [17.5] No [17.5] Yes [15.11]
GHI No [17.5] No [17.5] Yes [15.11]
NF No [3.6+10.3] ? [10.8] Yes [15.11]
σHI = σGHI No [17.5] No [17.5] ? [15.12]
Table 1. Steinhaus properties of semi-ideals in locally compact Polish groups
Semi-ideal strong Steinhaus Steinhaus weak Steinhaus
M = σM Yes [3.4] Yes [3.4] Yes [3.4]
HN No [11.3] Yes [4.1] Yes [4.1]
HM No [11.3] Yes [5.4] Yes [5.4]
EHM No [11.3] Yes [9.7] Yes [9.7]
HT =EHT No [11.3] Yes [9.6] Yes [9.6]
GHM No [11.3] ? [16.19] Yes [15.11]
GHN No [11.3] ? [16.19] Yes [15.11]
NF No [11.3] ? [10.8] Yes [15.11]
HI No [11.3] No [17.5] Yes [15.11]
GHI No [11.3] No [17.5] Yes [15.11]
σHM No [11.3] No [8.1] No [8.1]
σHN No [11.3] No [8.1] No [8.1]
σHI No [11.3] No [8.1] No [8.1]
σGHI No [11.3] No [8.1] No [8.1]
Table 2. Steinhaus properties of semi-ideals in non-locally compact Polish groups
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